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Abstract
We study monopoles and gluon fields in QCD in the maximally abelian (MA) gauge
in the context of the dual superconductor picture for confinement. In the abelian
gauge, unit-charge magnetic monopoles appear, but multi-charge monopoles do
not in general cases. The appearance of the monopole is studied using the gauge-
connection formalism in relation to the SU(Nc) singular gauge transformation. The
relevant role of off-diagonal gluons is found for the appearance of monopoles in the
abelian gauge in QCD. We study the gluon-field properties around the monopole in
the MA gauge in terms of the action density using the lattice QCD. The monopole
provides infinitely large field fluctuations in the abelian sector. In the MA gauge,
off-diagonal gluons are strongly suppressed but largely remain around the monopole,
which indicates the effective size and the structure of monopoles. We find the large
cancellation between the abelian part and the off-diagonal part of the action density
around the monopole in the MA gauge. Owing to this cancellation, the monopole
can appear in QCD without large cost of the QCD action. Finally, we generalize the
framework of the abelian projection, i.e. the extraction of the abelian gauge man-
ifold from QCD, by introducing the ‘gluonic Higgs field’ ~φD[Aµ(x)] defined from
the SU(Nc) covariant derivative Dˆµ. By way of ~φD[Aµ(x)], the maximally abelian
projection can be performed in the gauge-covariant manner without the notion of
gauge fixing in principle.
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1 Monopoles and Confinement in QCD
In the classical and quantum field theories [1,2], there occasionally appears
the topological object as the interesting collective degrees of freedom, reflect-
ing the nontrivial topology of the fiber-bandle. For instance, the Abrikosov
vortex [3] is experimentally observed in the type-II superconductor, and the
instanton [4,5] in the Euclidean Yang-Mills theory is observed in the lattice
QCD simulation using the cooling method[6,7]. The magnetic monopole [8,9]
is also the interesting topological object predicted in the grand unified theory
(GUT). Here, the magnetic monopole was firstly introduced by Dirac more
than 50 years ago from the consideration of the duality of the Maxwell equa-
tion, and the Dirac monopole [10] can naturally explain the electric-charge
quantization. However, the Dirac monopole cannot be an extended object so
as to make the Dirac string invisible, and such a point-like monopole is not al-
lowed in QED, because it provides the divergence of the QED action. In 1974,
however, the magnetic monopole was well formulated as the ’t Hooft-Polyakov
monopole[8,9], which is the topological object in the nonabelian Higgs theory
with the compact and at most semi-simple group.
Also in the N = 2 supersymmetric (SUSY) QCD, the soliton-like monopole
is recognized as an essential degrees of freedom in the strong-coupling region,
and its condensation in the infrared region provides the dual-superconductor
picture for confinement in SUSY-QCD[11]. As for QCD, however, it seems
difficult to introduce the (color-)magnetic monopole because of the absence of
the Higgs field. Nevertheless, the introduction of the monopole degrees of free-
dom is desired for the physical interpretation of the confinement phenomena
in QCD.
In 1970’s, Nambu, ’t Hooft and Mandelstam proposed an interesting idea of
the electric confinement by magnetic-monopole condensation, and tried the
physical interpretation of quark confinement using the dual version of the
superconductivity[12–14]. In the ordinary superconductor, Cooper-pair con-
densation leads to the Meissner effect, and the magnetic flux is excluded or
squeezed like a quasi-one-dimensional tube as the Abrikosov vortex. On the
other hand, from the Regge trajectory of hadrons and the lattice QCD[15],
the confinement force between the color-electric charge is characterized by the
universal physical quantity of the string tension σ ≃ 1GeV/fm, and is brought
by one-dimensional squeezing of the color-electric flux [16] in the QCD vac-
uum. Hence, from the above similarity on the one-dimensional flux squeezing,
the QCD vacuum was regarded as the dual version of the superconductor. In
this dual-superconductor picture for the QCD vacuum, the squeezing of the
color-electric flux between quarks is realized by the dual Meissner effect as the
result of condensation of color-magnetic monopoles. However, there are two
large gaps between QCD and the dual superconductor picture.
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(1) This picture is based on the abelian gauge theory subject to the Maxwell-
type equations, where electro-magnetic duality is manifest, while QCD is
a nonabelian gauge theory, described with the electric variables (quarks
and gluons).
(2) The dual-superconductor scenario requires condensation of magnetic
monopoles as key concept, while QCD does not have such a monopole as
the elementary degrees of freedom.
As the connection between QCD and the dual superconductor scenario, ’t Hooft
proposed concept of the abelian gauge fixing[17], the partial gauge fixing which
is defined by diagonalizing a suitable gauge-dependent variable as φ[Aµ(x)].
The abelian gauge fixing reduces QCD into an abelian gauge theory, where
the off-diagonal element of the gluon field behaves as a charged matter field.
As a remarkable fact in the abelian gauge, color-magnetic monopoles ap-
pear as topological objects corresponding to the nontrivial homotopy group
Π2(SU(Nc)/U(1)
Nc−1) = ZNc−1∞ . Here, assuming abelian dominance [18], which
means that the only abelian gauge fields with monopoles would be essential for
the description of the nonperturbative QCD, the off-diagonal gluon elements
are dropped off, which is called the abelian projection. Thus, by the abelian
gauge fixing and the abelian projection, QCD is reduced into abelian projected
QCD (AP-QCD), which is an abelian gauge theory including monopoles. If the
monopole condenses, the scenario of color confinement by the dual Meissner
effect would be a realistic picture for confinement in QCD [19–27].
Recent lattice QCD simulations show strong evidence on this dual Higgs theory
for the nonperturbative QCD in the maximally abelian (MA) gauge[28,29].
The MA gauge is the abelian gauge where the off-diagonal gluon is minimized
by the gauge transformation. In the MA gauge, the physical information of
the gauge configuration is concentrated into the diagonal components as well
as possible. The lattice QCD studies indicate abelian dominance [18,30,31]
that the string tension[32–34] and the chiral condensate [35,36] are almost
described only by abelian variables in the MA gauge [37,38]. In the lattice
QCD, monopole dominance is also observed such that only the monopole part
in the abelian variable contributes to the nonperturbative QCD in the MA
gauge [34,35]. Thus, the lattice QCD studies also suggest the dominant role
of abelian variables and monopoles for the nonperturbative QCD in the MA
gauge.
In the MA gauge, AP-QCD neglecting the off-diagonal gluon component al-
most reproduces the essence of the nonperturbative QCD, although AP-QCD
is an abelian gauge theory like QED. One may speculate that the strong-
coupling nature leads to the similarity between AP-QCD and QCD, because
the gauge coupling e in AP-QCD [27] is the same as that in QCD in the lattice
simulation. However, the strong-coupling nature would not be enough to ex-
plain the nonperturbative feature, because, if monopoles are eliminated from
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AP-QCD, nonperturbative features are lost in the remaining system called as
the photon part, although the gauge coupling e is the same as that in QCD.
For further understanding, we compare the theoretical structure of QCD, AP-
QCD and QED in terms of the gauge symmetry and the relevant degrees
of freedom, as shown in Fig.1. As for the interaction, the linear confinement
potential arises both in QCD and both in AP-QCD, while only the Coulomb
potential appears in QED. On the symmetry, QCD has nonabelian gauge
symmetry, while both AP-QCD and QED have abelian gauge symmetry. The
obvious difference between QCD and QED is existence of off-diagonal gluons.
On the other hand, the difference between AP-QCD and QED is existence of
the monopole, since the magnetic monopole does not exist in QED because
of the Bianchi identity. This indicates the close relation between monopoles
and off-diagonal gluons. In particular, off-diagonal gluon components play a
crucial role for existence of the monopole in QCD as shown below, and the
monopole itself is expected to play an alternative role of off-diagonal gluons
for the confinement.
Here, we consider what is the QCD-monopole in comparison with the Cooper
pair in the superconductivity. In the field theoretical aspect, the essence of the
superconductivity is understood as the ordinary Higgs mechanism by Cooper-
pair condensation, although the underlying electron-phonon interaction plays
relevant role for the creation of the Cooper pair. The composite Cooper-pair
field plays the role of the Higgs field and is the essential degrees of freedom
for the superconductivity. Similarly, the monopole field to be condensed in
the nonperturbative QCD vacuum can be regarded as a kind of composite
or collective degrees of freedom relevant for the nonperturbative phenomena
in QCD, since QCD includes quarks and gluons as the elementary field only.
Different from the simple compositicy of the Cooper pair, the QCD-monopole
appears as a topological object relating to the singularity of the gauge field
in the abelian gauge, and would be described as a complicated field composed
by gluons. Then, the feature of the structure of the monopole in QCD is to
be clarified using the field-theoretical framework including the lattice QCD.
In this paper, we study the properties of the monopole appearing in QCD
in the MA gauge in terms of the gluon field around it both in the analytical
framework and in the lattice QCD. In section 2, we study the general argument
of the abelian gauge fixing considering the global Weyl transformation. In the
abelian gauge, the monopole appears from the hedgehog configuration of the
gluonic Higgs field through the SU(Nc) singular gauge transformation. We
clarify the appearance of monopoles in terms of the gauge connection with
respect to the singularity of the SU(Nc) gauge transformation. We extract
the abelian gauge field and the monopole current in the lattice formalism.
In section 3, we study the MA gauge fixing in detail in terms of the abelian
projection rate, and propose the transparent definition of the MA gauge using
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the covariant derivative. The generalization of the MA gauge is also attempted.
In section 4, we examine the gluon properties around the monopoles in the MA
gauge using the lattice QCD simulation, with considering the role of the off-
diagonal gluons. In section 5, we introduce the ‘gluonic Higgs field’ extracted
from the SU(Nc) gauge connection Dˆµ, and formulate the abelian projection
in the gauge-covariant manner without explicit use of gauge fixing. Section 6
is devoted to summary and concluding remarks.
2 Appearance of Monopoles in the Abelian Gauge
2.1 Abelian Gauge Fixing and Residual Symmetries
The dual superconductor picture for confinement phenomena is based on the
abelian gauge theory including monopoles, and the ’t Hooft abelian gauge
fixing[17] is key concept for the connection from QCD to such an abelian
gauge theory. In this section, we study the abelian gauge fixing considering
the role of the global Weyl symmetry and show the appearance of monopoles
in the singular SU(Nc) gauge transformation.
The abelian gauge fixing is the partial gauge fixing which remains the abelian
gauge symmetry, and is realized by the diagonalization of an SU(Nc) gauge-
dependent variable as φ[Aµ(x)] = φ
aT a ∈ su(Nc) using the SU(Nc) gauge
transformation. In the abelian gauge, φ[Aµ(x)] plays the similar role of the
Higgs field [39] in the determination of the gauge fixing, and then we call
φ[Aµ(x)] as the ‘gluonic Higgs field’.
Without loss of generality, we consider the case of the hermite variable φ[Aµ(x)]
which obeys the adjoint gauge transformation. Then, φ(x) is transformed as
φ(x) = φa(x)T a → φΩ(x) =Ω(x)φ(x)Ω†(x) (1)
≡ diag(λ1(x), · · · , λNc(x)) ≡ ~H · ~λ(x)
using a suitable SU(Nc) gauge function Ω(x) = exp{iξ
a(x)T a} ∈ SU(Nc).
Here, each diagonal component λi(x) (i=1,· · ·, Nc) is to be real for the hermite
variable φ[Aµ(x)]. The space-time point x satisfying λ
i(x) = λj(x) is called as
the ‘degeneracy point’ and reflects the singular structure of φ(x). Particularly
for the SU(2) case, one finds
φ(x) ≡ φa(x)
τa
2
→ φΩ(x) = ΩφΩ† = λ(x)
τ 3
2
(2)
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with λ(x) = ±{φ1(x)2+φ2(x)2+φ3(x)2}1/2. In the abelian gauge, the SU(Nc)
gauge symmetry is reduced into the U(1)Nc−1 gauge symmetry, which cor-
responds to the gauge-fixing ambiguity. The variable φ(x) is diagonalized to
~H · ~λ(x) also by the gauge function Ωω(x) ≡ ω(x)Ω(x) with ω(x) = e−i ~H·~ϕ ∈
U(1)Nc−1,
φ(x)→ Ωω(x)φ(x)Ωω†(x) = ω(x) ~H · ~λ(x)ω†(x) = ~H · ~λ(x), (3)
and therefore U(1)Nc−1 abelian gauge symmetry remains in the abelian gauge.
Hence, the diagonal and off-diagonal gluon components play the different role
in the abelian gauge; the diagonal gluon remains to be the abelian gauge
field, while the off-diagonal gluon behaves as the charged matter like W±µ in
the Standard Model. In the continuum theory, the abelian projection, the
extraction of the abelian gauge manifold, is defined by the simple replacement
as
Aµ ≡ A
a
µT
a ∈ su(Nc) → Aµ ≡ tr(Aµ ~H) · ~H ∈ u(1)
Nc−1 (4)
after the abelian gauge fixing.
In the abelian gauge, there also remains the global Weyl symmetry as a ‘relic’
of the nonabelian theory [30,40,41]. The Weyl symmetry is the permutation
group PNc corresponding to the permutation of the Nc bases in the fundamen-
tal representation. For the SU(2) case, the Weyl transformation is expressed
as the constant off-diagonal SU(2) matrix
W ≡ ei{
τ1
2
cosα+
τ2
2
sinα}π = i(τ1 cosα + τ2 sinα) (5)
= i
(
0 e−iα
eiα 0
)
∈ PNc=2 ⊂ SU(2)
with α ∈ R fixed. In the abelian gauge, the variable φ(x) is also diagonalized
by using ΩW (x) ≡WΩ(x),
φ(x)→ ΩW (x)φ(x)ΩW †(x) =Wλ(x)
τ 3
2
W † = −λ(x)
τ 3
2
. (6)
Here, the sign of λ(x), or the order of the diagonal component λi(x), is globally
changed by the Weyl transformation. It is noted that the sign of the U(1)3
gauge field Aµ ≡ A
3
µ
τ3
2
is also globally changed under the Weyl transformation,
Aµ → A
W
µ = WA
3
µ
τ3
2
W † = −A3µ
τ3
2
= −Aµ. (7)
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Therefore, all the sign of the abelian field strength Fµν as (∂ ∧ A)µν , electric
and magnetic charges are also globally changed:
Fµν ≡Fµν
τ3
2
→ FWµν = WFµνW
† = −Fµν ,
jµ≡ ∂
αFαµ → j
W
µ = −jµ,
kµ≡ ∂
α∗Fαµ → kWµ = −kµ. (8)
In the abelian gauge, the absolute sign of the electric and the magnetic charges
is settled, only when the Weyl symmetry is fixed by the additional condition.
When φ[Aµ(x)] obeys the simple adjoint gauge transformation like the non-
abelian Higgs field, the global Weyl symmetry can be easily fixed by imposing
the additional gauge-fixing condition as λ(x) ≥ 0 for SU(2), or the ordering
condition of the diagonal components λi(x) in ~H ·~λ as λ1(x) ≥ .. ≥ λNc(x) for
the SU(Nc) case. As for the appearance of monopoles in the abelian gauge,
the global Weyl symmetry PNc is not relevant, because the nontriviality of
the homotopy group is not affected by the global Weyl symmetry. However,
the definition of the magnetic monopole charge, which is expressed by the
nontrivial dual root of SU(Nc)dual [18], is globally changed by the Weyl trans-
formation.
2.2 Monopoles and the Hedgehog Configuration of Gluonic Higgs Field
The abelian gauge fixing, which reduces QCD into an abelian gauge theory, is
realized by the diagonalization of a gluonic Higgs field φ[Aµ(x)]. In the con-
tinuum theory of QCD, the continuous field Aµ(x) can be taken to be regular
everywhere in a suitable gauge as the Landau gauge, and then φ[Aµ(x)] is
expected to be a regular function almost everywhere. In the abelian gauge,
however, there appears the singular point, where the gauge function to diago-
nalize φ[Aµ(x)] is not uniquely determined even for the off-diagonal part, and
such a singular point leads to the appearance of the monopole. Here, let us con-
sider the appearance of QCD-monopoles in the abelian gauge in terms of the
singularity in the gauge transformation[20]. For the gluonic Higgs field φ(x)
obeying the adjoint transformation, the monopole appears at the ‘degeneracy
point’ of the diagonal elements of ~H · ~λ(x) = diag(λ1(x), λ2(x), · · · , λNc(x))
after the abelian gauge fixing: (i, j)-monopole appears at the point satisfying
λi(x) = λj(x). For the (i, j)-monopole, the SU(2) subspace relating to i and
j is enough to consider, so that the essential feature of the monopole can be
understood in the SU(2) case without loss of generality. Then, we consider
the SU(2) case for simplicity. For the SU(2) case, the diagonalized element of
φ(x) are given by λ = ±(φ21 + φ
2
2 + φ
2
3)
1/2, and hence the ‘degeneracy point’
satisfies the condition φ(x) = 0, which is SU(2) gauge invariant. This gauge-
invariant condition φ(x) = 0 can be regarded as the singularity condition
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on φˆ(x) ≡ φ(x)/|φ(x)| with |φ(x)| ≡ (φa(x)φa(x))1/2. In fact, the ‘degeneracy
point’ in the abelian gauge appears as the singular point of φˆ(x) like the center
of the hedgehog configuration as shown in Fig.2(b) before the abelian gauge
fixing.
Since the singular point on φˆ(x) is to satisfy three conditions φ1(x) = φ2(x) =
φ3(x) = 0 simultaneously, the set of the singular point forms the point-like
manifold in R3 or the line-like manifold in R4. We investigate the topological
nature near the singular point (x0, t) of φˆ(x) for fixed t, i.e., φ(x0, t) = 0[20].
Using the Taylor expansion, one finds
φ(x, t) = φa(x, t)
τa
2
≃ τaCab(x− x0)
b, (9)
with Cab ≡ 1
2
∂bφa(x0, t). In the general case, one can expect detC 6= 0, i.e.,
detC > 0 or detC < 0, and the fiber-bandle φa(x) can be deformed into
the (anti-)hedgehog configuration φ(x˜) ≃ ±τax˜a around the singular point
x0 by using the continuous modification on the spatial coordinate x
a →
x˜a ≡ sgn(detC) · Cab(x − x0)
b. The linear transformation matrix C can be
written by a combination of the rotation R and the dilatation of each axis
λ = diag(λ1, λ2, λ3) with λi > 0 as C = sgn(detC)Rλ. Here, topological na-
ture is never changed by such a continuous deformation. For detC > 0, the
configuration φ(x) can be continuously deformed into the hedgehog configu-
ration around x0, φ(x˜) ≃ τ
ax˜a, while, for detC < 0, φ(x) can be continuously
deformed into the anti-hedgehog configuration, φ(x˜) ≃ −τax˜a. Since detC = 0
is the exceptionally special case and detC < 0 is similar to detC > 0, we
have only to consider the hedgehog configuration. This hedgehog configura-
tion around the singular point of φˆ(x) corresponds to the simplest nontrivial
topology of the nontrivial homotopy group Π2(SU(2)/U(1)3) = Z∞, and the
abelian gauge field has the singularity as the monopole appearing from the
hedgehog configuration.
Using the polar coordinate (r, θ, ϕ) of x˜, the hedgehog configuration is ex-
pressed as
φ= τax˜a = r sin θ cosϕ · τ1 + r sin θ sinϕ · τ2 + r cos θ · τ3
= r
(
cosθ e−iϕsinθ
eiϕsinθ −cosθ
)
, (10)
and φ can be diagonalized by the gauge transformation with
ΩH =
(
eiϕcos θ
2
sin θ
2
−sin θ
2
e−iϕcos θ
2
)
, (11)
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where θ, ϕ denote the polar and the azimuthal angles, respectively. Here,
on the z-axis (θ = 0 or θ = π), ϕ is the ‘fake parameter’, and the unique
description does not allow the ϕ-dependence on the z-axis. However, at the
positive region of z-axis, θ = 0, ΩH depends on ϕ and is multi-valued as
ΩH =
(
eiϕ 0
0 e−iϕ
)
. (12)
Such a multi-valuedness of ΩH leads to the divergence in the derivative ∂µΩ
H
at θ = 0. In fact, ∂µΩ
H includes the singular part as cos θ
2
(∇ϕ)ϕ =
cos θ
2
r sin θ
∂
∂ϕ
ϕ =
1
r sin θ
2
, which diverges at θ = 0. By the gauge transformation with ΩH , the
variable φ becomes φΩ = ΩφΩ† = rτ 3, and the gauge field is transformed as
Aµ → A
Ω
µ = Ω(Aµ −
i
e
∂µ)Ω
†. (13)
For regular Aµ, the first term ΩAµΩ
† is regular, while Asingµ ≡ −
i
e
Ω∂µΩ
† is
singular and the monopole appears in the abelian sector originating from the
singularity of Asingµ [20]. To examine the appearance of the monopole at the
origin x˜ = 0, we consider the magnetic flux Φflux(θ) which penetrates the area
inside the closed contour c(r, θ) ≡ {(r, θ, ϕ)|0 ≤ ϕ < 2π}. One finds that
Φflux(θ) =
∫
c
dx ·Asing = −
i
e
∫
c
dxΩ∇Ω†
=−
i
e
2π∫
0
dϕΩ
∂
∂ϕ
Ω† = −
4π
e
·
1 + cos θ
2
τ3
2
, (14)
which denotes the magnetic flux of the monopole with the unit-magnetic
charge g = 4π
e
with the Dirac string [20]. Here, the direction of the Dirac
string from the monopole can be arbitrary changed by the singular U3(1)
gauge transformation, which can move eiϕ in ΩH from the τ3-sector to the
off-diagonal sector. In fact, the multi-valuedness of Ω is not necessary to be
fixed in τ 3-direction. Nevertheless, the singularity in Ω∂µΩ
† appears only in
the τ3-sector, and τ3-direction becomes special in the abelian gauge fixing.
The anti-hedgehog configuration of φ(x˜) = −τax˜a provides a monopole with
the opposite magnetic charge, because anti-hedgehog configuration is trans-
formed to the hedgehog configuration by the Weyl transformation. Thus, the
only unit-charge magnetic monopole appears in the general case of detC 6= 0.
In principle, the multi-charge monopole can also appear when detC = 0, how-
ever, the condition is scarcely satisfied in general, because this exceptional
case is realized only when four conditions φ1 = φ2 = φ3 = detC = 0 are
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simultaneously satisfied. To summarize, in the abelian gauge, the unit-charge
magnetic monopoles appear from the singular points of φˆ(x), however, multi-
charge monopoles do not appear in general cases.
In this way, by the singular SU(2) gauge transformation, there appears the
monopole with the Dirac string. Here, we consider the role of the off-diagonal
component in the SU(2) gauge function ΩH to appearance of the monopole, by
comparing with the U(1)3 gauge transformation. Let us consider the singular
gauge transformation ΩU(1) = eiϕτ3 ∈ U(1)3 instead of Ω
H . This U(1)3 gauge
function ΩU(1) is multi-valued on the whole region of the z axis (θ = 0 and
θ = π), and Asingµ ≡ −
i
e
ΩU(1)∂µΩ
U(1)† also has a singularity. The magnetic flux
which penetrates the area inside the closed contour c(r, θ) = {r, θ, ϕ|0 ≤ ϕ <
2π} is found to be
Φflux(θ) =
∫
c
dx ·Asing = −
4π
e
τ3
2
, (15)
which corresponds to the endless Dirac string along the z-axis. It is noted that
the singular U(1)3 gauge transformation can provide the endless Dirac string,
however, it never creates the monopole.
The monopole is created not by above singular U(1)3 gauge transformation
but by a singular SU(2) gauge transformation. Since the multi-valuedness of
ΩH is originated from the ϕ-dependence at θ = 0 or θ = π, we separate the
SU(2) gauge function (11) as
Ω = cos
θ
2
eiϕτ3 + (ϕ-independent term).
At θ = 0 or the positive side of z axis, ΩH coincides with ΩU(1) ≡ eiϕτ3
and is multi-valued like ΩU(1). Therefore the Dirac string is created at θ =
0 by the gauge transformation ΩH . On the other hand, at θ = π or the
negative side of z-axis, ϕ-dependent part of Ω vanishes due to cos θ
2
= 0, so
that the Dirac string never appears in Ω∂µΩ
† at θ = π. Thus, by the SU(2)
singular gauge transformation ΩH , the Dirac string is generated only on the
positive side of the z-axis and terminates at the origin r = 0, and hence the
monopole appears at the end of the Dirac string. Around the origin x˜ = 0,
the factor cos θ
2
varies from unity to zero continuously with the polar angle
θ, and this makes the Dirac string terminated. Such a variation of the norm
of the diagonal component cos θ
2
eiϕ cannot be realized in the U(1)3 gauge
transformation with ΩU(1). In the SU(2) gauge transformation with ΩH , the
norm of the diagonal component can be changed owing to existence of the off-
diagonal component of ΩH , and the difference of the multi-valuedness between
θ = 0 and θ = π leads to the terminated Dirac string and the monopole. In this
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way, to create the monopole in QCD, full SU(2) components of the (singular)
gauge transformation is necessary, and therefore one can expect a close relation
between monopoles and the off-diagonal component of the gluon field.
2.3 Appearance of Monopole in the Gauge-connection Formalism
In this subsection, we study the appearance of monopoles in the abelian sector
of QCD in the abelian gauge in detail using the gauge connection formalism.
In the abelian gauge, the monopole or the Dirac string appears as the result of
the SU(Nc) singular gauge transformation from a regular (continuous) gauge
configuration. For the careful description of the singular gauge transformation,
we formulate the gauge theory in terms of of the gauge connection, described
by the covariant-derivative operator Dˆµ and Dˆµ ≡ ∂ˆµ + ieAµ(x), where ∂ˆµ is
the derivative operator satisfying [∂ˆµ, f(x)] = ∂µf(x).
To begin with, let us consider the system holding the local difference of the
internal-space coordinate frame. We attention the neighbor of the real space-
time xµ, and denote by |q(x)〉 the basis of the internal-coordinate frame. At the
neighboring point xµ+ εµ, we express the difference of the internal-coordinate
frame as |q(x+ε)〉 = Rε(x)|q(x)〉 with Rε(x) = e
irε(x) ∈ G being the ‘rotational
matrix’ of the internal space. We require the ‘local superposition’ on rε as
rε1+ε2 = rε1 + rε2 up to O(ε), and then we can express rε(x) = −eεµA
µ(x)
using a ε-independent local variable Aµ(x) ∈ g : |q(x+ ε)〉 = e
−ieεµAµ(x)|q(x)〉.
Then, the ‘observed difference’ of the internal space coordinate depends on the
real space-time xµ, the observed difference of the local operator O(x) between
neighboring points, xµ and xµ + εµ, is given by
〈q(x+ ε)|O(x+ ε)|q(x+ ε)〉 − 〈q(x)|O(x)|q(x)〉
= 〈q(x)|eieεµA
µ(x)O(x+ ε)e−ieεµA
µ(x)|q(x)〉 − 〈q(x)|O(x)|q(x)〉
≃ εµ〈q(x)|{∂
µO(x) + ie[Aµ(x), O(x)]}|q(x)〉
= εµ〈q(x)|{[∂ˆ
µ + ieAµ(x), O(x)]}|q(x)〉 ≡ εµ〈q(x)|[Dˆ
µ, O(x)]|q(x)〉. (16)
Here, one finds natural appearance of the covariant derivative operator, Dˆµ ≡
∂ˆµ + ieAµ(x). The gauge transformation is simply defined by the arbitrary
internal-space rotation as |q(x)〉 → Ω(x)|q(x)〉 with Ω(x) ∈ G, and therefore
the covariant derivative operator is transformed as Dˆµ → Dˆ
Ω
µ = Ω(x)DˆµΩ
†(x)
with Ω(x) ∈ G, which is consistent with Aµ → A
Ω
µ = Ω(Aµ −
i
e
∂µ)Ω
†.
In the general system including singularities such as the Dirac string, the
gauge field and the field strength are defined as the difference between the
gauge connection and the derivative connection,
11
Aµ≡
1
ie
(Dˆµ − ∂ˆµ) (17)
Gµν ≡
1
ie
([Dˆµ, Dˆν ]− [∂ˆµ, ∂ˆν ]). (18)
This expression ofGµν is returned to the standard definitionGµν =
1
ie
[Dˆµ, Dˆν ] =
∂µAν − ∂νAµ + ie[Aµ, Aν ] in the regular system. By the general gauge trans-
formation with the gauge function Ω, the field strength Gµν is transformed
as
Gµν → G
Ω
µν =ΩGµνΩ
† =
1
ie
([DˆΩµ , Dˆ
Ω
ν ]− Ω[∂ˆµ, ∂ˆν ]Ω
†)
= ∂µA
Ω
ν − ∂νA
Ω
µ + ie[A
Ω
µ , A
Ω
ν ] +
i
e
(Ω[∂ˆµ, ∂ˆν ]Ω
† − [∂ˆµ, ∂ˆν ])
= (∂µA
Ω
ν − ∂νA
Ω
µ ) + ie[A
Ω
µ , A
Ω
ν ] +
i
e
Ω[∂µ, ∂ν ]Ω
†
≡Glinearµν +G
bilinear
µν +G
sing
µν . (19)
The last term remains only for the singular gauge transformation on ΩH and
ΩU(1), and can provide the Dirac string.
Figure 3 shows the SU(2) field strength Glinearµν , G
bilinear
µν and G
sing
µν in the abelian
gauge provided by ΩH in Eq.(11). The linear term Glinearµν ≡ (∂µA
Ω
ν − ∂νA
Ω
µ )
includes in the abelian sector the singular gauge configuration of the monopole
with the Dirac string, which supplies the magnetic flux from infinity. Since each
component satisfies the Bianchi identity ∂α∗Glinearαµ = ∂
α∗(∂ ∧ AΩ)αµ = 0, the
abelian magnetic flux is conserved. The abelian part of Gbilinearµν ≡ ie[A
Ω
µ , A
Ω
ν ],
(Gbilinearµν )
3 = −e(A1µA
2
ν−A
1
νA
2
µ), includes the effect of off-diagonal components,
and it is dropped by the abelian projection. The last term Gsingµν ≡
i
e
Ω[∂µ, ∂ν ]Ω
†
appears from the singularity of the gauge function Ω, and it plays the impor-
tant role of the appearance of the magnetic monopole in the abelian sector.
First, we consider the singular part Gsingµν . In general, G
sing
µν disappears in the
regular point in Ω. It is to be noted that Gsingµν is found to be diagonal from
the direct calculation with ΩH in Eq.(11),
Gsingµν ≡
i
e
ΩH [∂µ, ∂ν ]Ω
H† =
i
e
(gµ1gν2 − gµ2gν1)cos
2 θ
2
eiϕτ3 [∂1, ∂2]e
−iϕτ3
=
1
e
(gµ1gν2 − gµ2gν1)
1 + cosθ
2
[∂1, ∂2]ϕ · τ3
=
4π
e
(gµ1gν2 − gµ2gν1)θ(x3)δ(x1)δ(x2) ·
τ3
2
, (20)
where we have used relations,
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[∂1, ∂2]ϕ = −2πδ(x1)δ(x2),
1 + cosθ
2
δ(x1)δ(x2) = θ(x3)δ(x1)δ(x2). (21)
The off-diagonal component of ΩH [∂µ, ∂ν ]Ω
H† disappears, since the singularity
appears only from ϕ-dependent term. As a remarkable fact, the last expression
in Eq.(20) shows the terminated Dirac string, which is placed along the positive
z-axis with the end at the origin. Hence, in the abelian part of the SU(2) field
strength, Gsingµν leads to the breaking of the U(1)3 Bianchi identity,
kµ= ∂
α∗Gsingαµ =
1
2
εαµ
βγ∂αGsingβγ =
4π
e
εαµ12∂
α{δ(x1)δ(x2)θ(x3)}
τ3
2
=
4π
e
gµ0δ(x1)δ(x2)δ(x3)
τ3
2
, (22)
which is the expression for the static monopole with the magnetic charge
g = 4π
e
at the origin. Thus, the magnetic current kµ is induced in the abelian
sector by the singular gauge transformation with ΩH and the Dirac condition
eg = 4π is automatically derived in this gauge-connection formalism.
In the covariant manner, Gsingµν is expressed as G
sing
µν =
1
n·∂
∗(n ∧ k)µν using the
monopole current kµ in Eq.(22) and a constant 4-vector nµ. Actually, for the
above case, one finds for nµ = gµ3
1
n · ∂
∗(n ∧ k)µν =
∫
dx
′
3〈x3|
1
n · ∂
|x
′
3〉εµν30n
34π
e
δ(x1)δ(x2)δ(x
′
3)
τ3
2
=
4π
e
(gµ1gν2 − gµ2gν1)θ(x3)δ(x1)δ(x2)
τ3
2
=
i
e
ΩH [∂µ, ∂ν ]Ω
H† = Gsingµν , (23)
using the relation 〈xn|
1
n·∂ |x
′
n〉 = θ(xn − x
′
n).
Thus, the last term Gsingµν corresponds to the Dirac string terminated at the
origin. Since Glinearµν shows the configuration of the monopole together with
the Dirac string, the sum of Glinearµν + G
sing
µν provides the gauge configuration
of the monopole without the Dirac string in the abelian sector. Thus, by
dropping the off-diagonal gluon element, Gbilinearµν vanishes and the remaining
part (Glinearµν +G
sing
µν )
3 describing the abelian projected QCD includes the field
strength of monopoles.
Next, we consider the role of off-diagonal gluon components for appearance
of the monopole. The gluon field is divided into the regular part ΩAµΩ
† and
the singular part − i
e
Ω∂µΩ
†. Since we are interested in the behavior of the
singularity, we neglect the regular part of the gluon field. Then, Gbilinearµν is
written as
13
ie[AΩµ , A
Ω
ν ] =
1
ie
[Ω∂µΩ
†,Ω∂νΩ
†]
=−
1
ie
{(∂µΩ)∂νΩ
† − (∂νΩ)∂µΩ†}
=−
1
ie
{∂µ(Ω∂νΩ
†)− ∂ν(Ω∂µΩ†)} −
i
e
Ω[∂µ, ∂ν ]Ω
†
=−(∂µA
Ω
ν − ∂νA
Ω
µ )−
i
e
Ω[∂µ, ∂ν ]Ω
†, (24)
where the last term appears as the breaking of the Maurer-Cartan equation.
In the abelian gauge, the singularity of the monopole appearing in Glinearµν +
Gsingµν is exactly canceled by that of G
bilinear
µν . Thus, in the abelian gauge, the
off-diagonal gluon combination (Gbilinearµν )
3 = −e{ (AΩµ )
1 (AΩν )
2 − (AΩν )
1(AΩµ )
2 }
includes the field strength of the anti-monopole, and hence the off-diagonal
gluons (AΩµ )
1 and (AΩµ )
2 have to include some singular structure around the
monopole.
The abelian projection is defined by dropping the off-diagonal component of
the gluon field Aµ,
AΩµ ≡ A
Ω
µa
τa
2
→ Aµ ≡ tr(A
Ω
µ τ
3)
τ 3
2
= (AΩµ )
3 τ
3
2
. (25)
Accordingly, the SU(2) field strength GΩµν is projected to the abelian field
strength Fµν ≡ Fµν
τ3
2
,
GΩµν ≡ (G
Ω
µν)
a τ
a
2
= (∂µA
Ω
ν − ∂νA
Ω
µ ) + ie[A
Ω
µ , A
Ω
ν ] +
i
e
Ω[∂µ, ∂ν ]Ω
†
→Fµν = ∂µAν − ∂νAµ +
i
e
Ω[∂µ, ∂ν ]Ω
†
= ∂µAν − ∂νAµ −F
sing
µν , (26)
where F singµν ≡ F
sing
µν
τ3
2
≡ − i
e
Ω[∂µ, ∂ν ]Ω
† is diagonal and remains. Here, the bi-
linear term ie[AΩµ , A
Ω
ν ] vanishes in AP-QCD because it is projected to ie[Aµ,Aν] =
0 by the abelian projection. The appearance of F singµν leads to the breaking of
the abelian Bianchi identity in the U(1)3 sector,
∂α∗Fαµ = −∂α∗F singαµ = ∂
α∗{
i
e
Ω[∂α, ∂µ]Ω
†} = kµ, (27)
where Eq.(23) is used. Thus, the magnetic current kµ is induced into the
abelian gauge theory through the singularity of the SU(2) gauge transforma-
tion.
Here, we compare AP-QCD and QCD in terms of the field strength. The
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SU(Nc) field strengthGµν is controlled by the QCD action, SQCD =
∫
d4x{−1
2
trGµνG
µν},
so that each component Gaµν cannot diverge. On the other hand, the field
strength Fµν in AP-QCD is not directly controlled by SQCD, since the QCD
action includes also off-diagonal components. It should be noted that the
point-like monopole appearing in AP-QCD makes the U(1)3 action SAbel =∫
d4x{−1
2
trFµνF
µν} divergent around the monopole, such a divergence in
F should cancel exactly with the remaining off-diagonal contribution from
Gbilinearµν to keep the total QCD action finite. Thus, the appearance of monopoles
in AP-QCD is supported by the singular contribution of off-diagonal gluons.
In this way, abelian projected QCD includes monopoles generally.
2.4 Monopole Current in the Lattice Formalism
For the study of nonperturbative QCD physics, the lattice QCD formalism
provides a useful method for the direct calculation of the QCD generating
functional ZQCD[15]. In this subsection, we extract the abelian gauge field and
the monopole current in the lattice formalism [42].
In the lattice QCD, the system is described by the link-variable Uµ(s) ≡
eiaeAµ(s) ∈ SU(Nc) instead of Aµ(x). Here, e denotes the QCD gauge coupling
and a the lattice spacing. The SU(2) link-variable Uµ(s) can be factorized as
Uµ(s) =Mµ(s)uµ(s) ∈ G
Mµ(s) = exp
(
i{τ1θ
1
µ(s) + τ2θ
2
µ(s)}
)
∈ G/H,
uµ(s) = exp
(
iτ 3θ3µ(s)
)
∈ H (28)
with respect to the Cartan decomposition ofG = G/H ×H intoG/H =SU(2)/U(1)3
and H =U(1)3. In the lattice formalism, such a factorization has an ambigu-
ity relating to the ordering of Mµ and uµ in this factorization. Instead of
Uµ =Mµuµ, another facotrization Uµ = uµMµ is equivalently applicable, how-
ever, such an ordering is to be fixed through the whole argument. Here, the
abelian link variable,
uµ(s) = e
iτ3θ3µ(s) =
(
eiθ
3
µ(s) 0
0 e−iθ
3
µ(s)
)
∈ U(1)3 ⊂ SU(2), (29)
plays the similar role as the SU(2) link-variable Uµ(s) ∈ SU(2) in terms of
the residual U(1)3 gauge symmetry in the abelian gauge, and θ
3
µ(s) ∈ (−π, π]
corresponds to the diagonal component of the gluon in the continuum limit.
On the other hand, the off-diagonal factor Mµ(s) ∈ SU(2)/U(1)3 is expressed
as
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Mµ(s) = exp
(
i{τ1θ
1
µ(s) + τ2θ
2
µ(s)}
)
=
(
cosθµ(s) −sinθµ(s)e
−iχµ(s)
sinθµ(s)e
iχµ(s) cosθµ(s)
)
(30)
=


√
1− |cµ(s)|2 −c
∗
µ(s)
cµ(s)
√
1− |cµ(s)|2


with θµ(s) ≡ modpi
2
√
(θ1µ)
2 + (θ2µ)
2 ∈ [0, π
2
] and χµ(s) ∈ (−π, π]. Near the
continuum limit, the off-diagonal elements of Mµ(s) correspond to the off-
diagonal gluon components. Under the residual U(1)3 gauge transformation
by ω(s) = e−iϕ(s)
τ3
2 ∈ U(1)3, uµ(s) and Mµ(s) are transformed as
uµ(s)→u
ω
µ(s) = ω(s)uµ(s)ω
†(s+ µˆ) ∈ H (31)
Mµ(s)→M
ω
µ (s) = ω(s)Mµ(s)ω
†(s) ∈ G/H (32)
so as to keep Mωµ (s) belong G/H . Accordingly, θ
3
µ(s) and cµ(s) ∈ C are trans-
formed as
θ3µ(s)→ θ
3ω
µ (s) = mod2π[θ
3
µ(s) + {ϕ(s+ µˆ)− ϕ(s)}/2] (33)
cµ(s)→ c
ω
µ(s) = cµ(s)e
iϕ(s). (34)
Thus, on the residual U(1)3 gauge symmetry, uµ(s) behaves as the U(1)3 lattice
gauge field, and θ3µ(s) behaves as the U(1)3 gauge field in the continuum limit.
On the other hand, Mµ(s) and cµ(s) behave as the charged matter field in
terms of the residual U(1)3 gauge symmetry, which is similar to the charged
weak boson W±µ in the Standard Model.
The abelian field strength θ¯µν(s) is defined as θ¯µν(s) ≡ mod2π(∂ ∧ θ
3)µν(s) ∈
(−π, π], which is U(1)3 gauge invariant. In general, the two form of the abelian
angle variable θ3µ(s) is divided as
θµν(s) ≡ (∂ ∧ θ
3)µν(s) = θ¯µν(s) + 2πnµν(s), (35)
where nµν(s) ∈ Z corresponds to the quantized magnetic flux of the ‘Dirac
string’ penetrating through the plaquette. Although nµν 6= 0 provides the
infinite magnetic field is the continuum limit as 2πnµν/a, the term 2πnµν(s)
does not contribute to the abelian plaquette ✷Abelµν (s), and it is changed by
the singular U(1)3 gauge-transformation as θ
3
µ(s)→ θ
3
µ(s) + ∂µϕ(s) with ϕ(s)
being the azimuthal angle. Thus, 2πnµν corresponds to the Dirac string as an
unphysical object.
The monopole klatµ (s) is defined on the dual link as [42],
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klatµ (s) ≡
1
2π
∂α
∗θ¯αµ(s) = −∂α
∗nαµ(s), (36)
using the abelian field strength θ¯µν(s). Here, k
lat
µ (s) is defined such that the
topological quantization is manifest, klatµ (s) ∈ Z. In this definition, for in-
stance, one finds klat0 =
1
2
εijk∂injk and k
lat
i = 0 (i = 1, 2, 3) for the static
monopole. The magnetic charge of the monopole on the dual lattice is deter-
mined by the total magnetic flux of the Dirac strings entering the cube around
the monopole. (See Fig.4.)
We show in Fig.5 the typical example of the monopole current at a time
slice in the lattice QCD at β = 2.4 in the maximally abelian (MA) gauge.
In each gauge configuration, the monopole current appears as a distinct line-
like object, and the neighbor of the monopole can be defined on the lattice.
However, taking the temporal direction into account, the monopole current
forms a global network covering over R4.
Here, we summarize several relevant properties of kµ(s).
(1) The monopole current kµ is topologically quantized and k
lat
µ (s) takes an
integer klatµ (s) ∈ Z in the definition of Eq.(36). As the result, k
lat
µ (s) forms
a line-like object in the space-time R4, since klatµ is a conserved current
as ∂µkµ = 0. These features of k
lat
µ (s) ∈ Z are quite unique and different
from the electric current jµ(s) ∈ R, which can spread as a continuous
field.
(2) In the lattice formalism, klatµ ≡
1
2π
∂∗αθ¯αµ is defined as a three-form on the
dual link. For the use of the forward derivative, klatµ (s) is to be defined
on the dual link between sdual±µ ≡ s +
xˆ
2
+ yˆ
2
+ zˆ
2
+ tˆ
2
± µˆ
2
. For instance,
klat0 (s) is placed on the dual link between (sx +
1
2
, sy +
1
2
, sz +
1
2
, st) and
(sx+
1
2
, sy+
1
2
, sz+
1
2
, st+1). Thus, the monopole is defined to appear at the
center of the 3-dimensional cube perpendicular to the monopole-current
direction as shown in Fig.4.
(3) Because of kµ ≡ ∂
∗
αFαµ = −
1
2
εµαβγ∂αFβγ, kµ only affects the perpendic-
ular components to the µˆ-direction for the ‘electric variable’ as Fαβ in
a direct manner. For instance, the static monopole with k0 6= 0 creates
the magnetic field Fij (i, j=1,2,3) around it, but does not bring the elec-
tric field F0i. Hence, in testing the field around the monopole, one has
to consider the difference between such perpendicular components and
others.
We now consider the relationship between the lattice variable and the field
variable in the continuum theory. The continuous abelian fieldAµ(x) ≡ A
3
µ(x)
τ3
2
is expressed as
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eA3µ ≡ θ
3
µ ·
2
a
(37)
with the gauge coupling constant e and the lattice spacing a. The abelian field
strength Fµν(x) ≡ Fµν(x)
τ3
2
in the continuum theory is written as
eFµν ≡mod2π(θµν) ·
2
a2
= θ¯µν ·
2
a2
, (38)
and Fµν is composed of two parts according to the decomposition (35)
Fµν =(∂ ∧ A
3)µν − F
sing
µν . (39)
Thus, in the SU(Nc)-lattice formalism, the difference between the field strength
Fµν and two-form (∂ ∧ A)µν arises from the periodicity of the angle variable
in the compact subgroup U(1)Nc−1 embedded in SU(Nc). Here, the singular
Dirac-string part F singµν is directly related to 2πnµν and is written by
F singµν = 2πnµν ·
2
ea2
=
4π
e
nµν
1
a2
. (40)
Owing to existence of F singµν in Eq.(39), the monopole current kµ(x) ≡ k
3
µ(x)
τ3
2
≡
∂α
∗Fαµ τ
3
2
appears in the continuum theory and is written as
k3µ = k
lat
µ ·
4π
ea3
= −
4π
e
∂α
∗nαµ
1
a3
, (41)
where the magnetic-charge unit g ≡ 4π
e
naturally appears in kµ.
In the lattice formalism, there also appears the monopole-like configuration as
the lattice artifact, when the lattice constant a is relatively large. As a → 0,
such a monopole-like configuration turns out to be regular large fluctuation
rather than the point-like singularity. Hence, one should use a fine mesh lattice
to remove such lattice artifact monopoles.
3 Monopoles in the Maximally Abelian Gauge
3.1 Maximally Abelian Gauge and Abelian Projection Rate
The abelian gauge has some arbitrariness corresponding to the choice of the
variable φ[Aµ(x)] to be diagonalized. Several typical abelian gauges have been
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tested on the dual superconductor scenario for the nonperturbative QCD[28,29].
Recent lattice QCD studies show that infrared phenomena such as confine-
ment properties and chiral symmetry breaking are almost reproduced only
by the abelian variable in the maximally abelian (MA) gauge [30,32–36]. In
this subsection, we study the MA gauge in detail, considering the gluon field
properties.
In the SU(2) lattice formalism, the MA gauge is defined so as to maximize
RMA[Uµ]≡
∑
s,µ
tr{Uµ(s)τ3U
†
µ(s)τ3}
=2
∑
s,µ
{U0µ(s)
2 + U3µ(s)
2 − U1µ(s)
2 − U2µ(s)
2}
=2
∑
s,µ
[
1− 2{U1µ(s)
2 + U2µ(s)
2}
]
(42)
by the SU(2) gauge transformation. Here, we denote Uµ(s) ≡ U
0
µ(s)+iτ
aUaµ(s)
with U0µ(s), U
a
µ(s) ∈ R, obeying U
0
µ(s)
2 + Uaµ(s)
2 = 1.
The MA gauge is a sort of the abelian gauge which diagonalizes the hermite
variable
Φ[Uµ(s)] ≡
∑
µ,±
U±µ(s)τ3U
†
±µ(s). (43)
Here, we use the convenient notation U−µ(s) ≡ U †µ(s− µˆ) in this paper. Here,
Φ[Uµ(s)] is gauge transformed by V (s) ∈ SU(2) as
Φ(s)→ ΦV (s) = V (s){
∑
µ,±
U±(s)V †(s± µˆ)τ3V (s± µˆ)U−1±µ(s)}V
†(s), (44)
which is not a simple adjoint transformation. In the continuum limit a → 0,
the link-variable reads Uµ(s) = e
iaeAµ(s) = 1+ iaeAµ(s)+O(a
2), and hence the
MA gauge condition becomes
∑
µ
(i∂µ±eA
3
µ)A
±
µ = 0, which can be regarded as
the maximal decoupling condition between the abelian gauge sector and the
charged gluon sector.
In the MA gauge, Φ(s) is diagonalized as Φdiag(s) = λ(s)
τ3
2
with λ(s) ∈ R,
and there remain the local U(1)3 symmetry and the global Weyl symmetry
[40]. After the MA gauge fixing, the global Weyl transformation with W in
Eq.(6) never changes the sign of λ(s) as
Φdiag(s)→ Φ
W
diag(s)=
∑
µ,±
WU±µ(s)W †τ3WU
†
±µ(s)W
† (45)
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=−
∑
µ,±
WU±µ(s)τ3U
†
±µ(s)W
† = −WΦdiag(s)W † = Φdiag(s).
Thus, the Weyl symmetry is not fixed in the MA gauge by the simple ordering
condition as λ(s) ≥ 0, unlike the simple adjoint case.
In the MA gauge, the absolute values of the off-diagonal components, U1µ(s)
and U2µ(s), are forced to be small. In the continuum limit a → 0, the MA
gauge is found to minimize the functional
Rch[Aµ] ≡
1
2
e2
∫
d4x{A1µ(x)
2 + A2µ(x)
2} = e2
∫
d4xA+µ (x)A
−
µ (x) (46)
with A±µ (x) ≡
1√
2
{A1µ(x) ± iA
2
µ(x)}. Thus, in the MA gauge, the off-diagonal
gluon component is globally forced to be small by the gauge transformation,
which seems a microscopic origin of abelian dominance for the nonperturbative
QCD in the MA gauge [30].
Here, let us consider resemblance of the abelian link variable uµ(s) to the
SU(2) link variable Uµ(s) quantitatively. To this end, we introduce the ‘abelian
projection rate’ RAbel [30,43], which is defined as the overlapping factor as
RAbel(s, µ)≡
1
2
Re tr{Uµ(s)u
†
µ(s)}
=
1
2
Re trMµ(s) = cos θµ(s) ∈ [0, 1], (47)
where θµ(s) is defined to belong [0,
π
2
] in the decomposition of Uµ(s) intoMµ(s)
and uµ(s). For instance, the SU(2) link variable Uµ(s) becomes completely
abelian for RAbel(s, µ) = 1, while Uµ(s) becomes completely off-diagonal for
RAbel(s, µ) = 0. This definition of RAbel is inspired by the ordinary ‘distance’
between two matrices A,B ∈ GL(N,C) defined as d2(A,B) ≡ 1
2
tr{(A −
B)†(A−B)}[44], which leads to d2(A,B) = 2−Re tr(AB†) for A,B ∈SU(2).
In fact, the similarity between Uµ(s) and uµ(s) can be quantitatively measured
in terms of the ‘distance’ between them. In the strong-coupling limit (β = 0),
〈RAbel〉β=0 = 〈cos θµ(s)〉β=0 without gauge fixing is analytically calculable as
[23,43]
〈RAbel(s, µ)〉β=0 =
∫
dUµ(s) cos θµ(s)∫
dUµ(s)
=
∫ pi
2
0 dθµ sin θµ cos
2 θµ∫ pi
2
0 dθµ sin θµ cos θµ
=
2
3
. (48)
In the MA gauge, we find 〈RAbel〉MA = 〈
1
2
Re tr(Uµ(s)u
†
µ(s))〉 ≃ 1, and the
SU(2) link variable is U(1)3-like as Uµ(s) ≃ uµ(s) in the relevant gauge con-
figuration. As a typical example, one obtains 〈RAbel〉MA ≃ 0.926 on 16
4 lattice
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with β = 2.4. Thus, in the MA gauge, the amplitude of the off-diagonal gluon
A±µ (x) is strongly suppressed, which can be called as microscopic abelian dom-
inance. On the other hand, the phase degrees of freedom χ˜µ(x) of A
±
µ (x) is
not constrained by the MA gauge-fixing condition at all, and the constraint
from the QCD action is also suppressed because of the strong reduction of
|A±µ (x)| in the MA gauge. Therefore, in the MA gauge, the phase degrees of
freedom χ˜µ(x) of the off-diagonal gluon A
±
µ (x) behaves as a random angle vari-
able approximately, and this phase randomness leads to macroscopic abelian
dominance on the confinement force [30].
3.2 Maximally Abelian Gauge in the Connection Formalism
In the gauge theory, the covariant derivative is more fundamental than the
gauge field, and therefore the MA gauge fixing in the continuum SU(Nc) QCD
using the SU(Nc) covariant derivative operator Dˆµ ≡ ∂ˆµ + ieAµ, where ∂ˆµ is
the derivative operator satisfying [∂ˆµ, f(x)] = ∂µf(x). In addition, both the
derivative operator and the Lie algebra appearing in Dˆµ are expressed by the
infinitesimal transformation of the corresponding group elements, so that they
are to be described by way of the commutation relation. Then, the MA gauge
is defined so as to minimize
R ~H [Aµ(·)] ≡
∫
d4x tr[Dˆµ, ~H ]
†[Dˆµ, ~H] = e
2
∫
d4x tr[Aµ, ~H]
†[Aµ, ~H]
= e2
∫
d4x
∑
α,β
Aα∗µ A
β
µ~α ·
~βtr(E†αEβ) =
e2
2
∫
d4x
Nc(Nc−1)∑
α=1
|Aαµ|
2 (49)
by the gauge transformation in the Euclidean QCD. Here, we have used the
Cartan decomposition, Aµ ≡ A
a
µT
a = ~Aµ · ~H +
Nc(Nc−1)∑
α=1
AαµE
α, where ~H ≡
(T3, T8, · · · , TN2c−1) is the Cartan subalgebra, and E
α(α = 1, 2, · · · , N2c − Nc)
denotes the raising or lowering operator. Since R ~H [Aµ] expresses the total
amount of the off-diagonal gluon component, SU(Nc) gauge connection Dˆµ =
∂ˆµ+ ieA
a
µT
a is mostly close to U(1)Nc−1 gauge connection Dˆ ~Hµ = ∂ˆµ+ ie ~Aµ · ~H
in the MA gauge. In our definition (49) using Dˆµ, the gauge transformation
property of R ~H [Aµ] becomes quite transparent, because the SU(Nc) covariant
derivative Dˆµ obeys the simple adjoint gauge transformation, Dˆµ → ΩDˆµΩ
†,
with the SU(Nc) gauge function Ω ∈ SU(Nc). By the SU(Nc) gauge transfor-
mation, R ~H is transformed as
R ~H → R
Ω
~H
=
∫
d4x tr
(
[ΩDˆµΩ
†, ~H ]†[ΩDˆµΩ†, ~H ]
)
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=
∫
d4x tr
(
[Dˆµ,Ω
† ~HΩ]†[Dˆµ,Ω† ~HΩ]
)
, (50)
and hence the residual symmetry corresponding to the invariance of R ~H is
easily found to be U(1)Nc−1local × P
Nc
global ⊂SU(Nc)local, where P
Nc
global denotes the
global Weyl group relating to the permutation of theNc bases in the fundamen-
tal representation, and Nc! elements includes. In fact, one finds ω
† ~Hω = ~H
for ω = e−i~ϕ(x)· ~H ∈ U(1)Nc−1local , and the global Weyl transformation by W ∈
PNcglobal only exchanges the permutation of the nontrivial root ~αj and never
changes R ~H . In the MA gauge, by definition, arbitrary gauge transformation
by ∀V ∈ SU(Nc) is to increase R ~H as R
V
~H
≥ R ~H . Considering arbitrary in-
finitesimal gauge transformation V = eiε ≃ 1 + iε with ∀ε ∈su(Nc), one finds
V † ~HV ≃ ~H + i[ ~H, ε] and
RV~H ≃ R ~H + 2i
∫
d4xtr
(
[Dˆµ, [ ~H, ε]]
†[Dˆµ, ~H]
)
= R ~H + 2i
∫
d4xtr
(
ε[ ~H, [Dˆ†µ, [Dˆµ, ~H ]]]
)
. (51)
In the MA gauge, the extremum condition of RV~H on
∀ε ∈su(Nc) provides
[ ~H, [Dˆ†µ, [Dˆµ, ~H]]] = 0, (52)
which leads to
∑
µ(i∂µ± eA
3
µ)A
±
µ = 0 for the Nc=2 case. Thus, the variable to
be diagonalized in the MA gauge is easily derived as
~Φ[Aµ] = [Dˆ
†
µ, [Dˆµ,
~H]] ∈ su(Nc) (53)
in the continuum theory. Here, ~Φ[Aµ] is hermite as ~Φ
†[Aµ] = ~Φ[Aµ] because of
Dˆ†µ = −Dˆµ, and hence the diagonal elements of ~Φ[Aµ] should be real.
Thus, ~Φ[Aµ] can be regarded as a sort of the ‘gluonic Higgs field’ relating
to the MA gauge fixing, however, ~Φ(Aµ) does not obey the adjoint gauge
transformation, so that correspondence between monopole and ~Φ[Aµ] is still
unclear. The deviation of the ‘gluonic Higgs field’ φ[Aµ] obeying the adjoint
transformation will be discussed in section 5.
In the commutator form, the diagonal part of the variable Oˆ[Aµ(x)] is ex-
pressed as
Oˆ
~H = Oˆ − [ ~H, [ ~H, Oˆ]]. (54)
For the covariant derivative operator, one finds
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Dˆ
~H
µ = Dˆµ − [
~H, [ ~H, Dˆµ]] = ∂ˆµ + ie ~Aµ(x) · ~H (55)
with Aµ(x) = ~Aµ(x)· ~H+A
α
µ(x)E
α. Then, the abelian projection, Dˆµ → Dˆ
~H
µ , is
expressed by the simple replacement as Aµ(x) ∈ su(Nc)→ Aµ(x) ≡ ~Aµ(x) · ~H
∈ u(1)Nc−1.
3.3 Generalization of the Maximally Abelian Gauge
In the MA gauge, R ~H [Aµ(·)] in Eq.(49) is forced to be reduced by the MA
gauge transformation ΩMA(x) ∈ G/H [30], and therefore the gluon field Aµ(x)
is maximally arranged in the diagonal direction ~H in the internal SU(Nc) color
space. In the definition of the MA gauge, ~H is the specific color-direction, since
~H explicitly appears in the MA gauge-fixing condition with R ~H [Aµ(·)]. On this
point of view, the MA gauge can be called as the ‘maximally diagonal gauge’.
However, for the extraction of the abelian gauge theory from the nonabelian
theory, we need not take the specific direction as ~H in the internal color-space,
although the system becomes transparent when the specific color-direction as
~H is introduced on the maximal arrangement of the gluon field Aµ(x).
In this subsection, we consider the generalization of the framework of the MA
gauge and the abelian projection, without explicit use of the specific direction
~H in the internal color-space on the gauge fixing. (Such an attempt is similar to
the generalization of the formalism in the center-of-mass frame to that in the
general moving frame.) Instead of the special color-direction ~H , we introduce
the ‘Cartan frame field’ ~φ(x) ≡ (φ1(x), φ2(x), · · · , φNc−1(x)), where φi(x) ≡
φai (x)T
a (φai (x) ∈ R) commutes each other as [φi(x), φj(x)] = 0, and satisfy
the orthonormality condition 2tr(φi(x)φj(x)) =
∑Nc−1
a=1 φ
a
i (x)φ
a
j (x) = δij . At
each point xµ, ~φ(x) forms the Cartan sub-algebra, and can be expressed as
~φ(x) = Ω†C(x) ~HΩC(x) (56)
using ΩC(x) ∈ G/H . For the fixed Cartan frame field ~φ(x), we define the
generalized maximally abelian (GMA) gauge so as to minimize the functional
Rφ[Aµ(·)] ≡
∫
d4xtr[Dˆµ, ~φ(x)]
†[Dˆµ, ~φ(x)] (57)
by the SU(Nc) gauge transformation. Here, the Cartan frame field ~φ(x) is
defined at each xµ independent of the gluon field like ~H , and never changes
under the SU(Nc) gauge transformation. For the special case of ~φ(x) = ~H , the
GMA gauge returns to the usual MA gauge. In the GMA gauge, the SU(Nc)
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covariant derivative Dˆµ is maximally arranged to be ‘parallel’ to the ~φ(x)-
direction in the internal color-space using the SU(Nc) gauge transformation.
In the GMA gauge, the gauge symmetry is reduced from SU(Nc) into U(1)
Nc−1
φ ,
and the generalized AP-QCD leads to the monopole in the similar manner to
the MA gauge. In the GMA gauge, the remaining U(1)Nc−1φ gauge symmetry
corresponds to the invariance of Rφ[Aµ(·)] under the U(1)
Nc−1
φ gauge transfor-
mation by
ωφ(x) ≡ e
i~φ(x)·~χ(x) ∈ U(1)Nc−1φ , ~χ(x) ∈ R
Nc−1. (58)
In fact, using ω†φ(x)~φ(x)ωφ(x) = ~φ(x), U(1)
Nc−1
φ invariance of Rφ[Aµ(·)] is
easily confirmed as
(Rφ[Aµ])
ω =
∫
d4xtr[ω(x)φDˆµω
†
φ(x),
~φ(x)]†[ω(x)φDˆµω
†
φ(x),
~φ(x)] (59)
=
∫
d4xtr[Dˆµ, ω
†
φ(x)
~φ(x)ωφ(x)]
†[Dˆµ, ω
†
φ(x)
~φ(x)ωφ(x)] = Rφ[Aµ].
There also remains the global Weyl symmetry PNc similarly in the usual MA
gauge, although the gauge function takes a complicated from.
Here, we consider the generalized abelian projection to ~φ(x)-direction. Similar
to the ‘diagonal part’ in Eq.(54), we define the ‘~φ(x)-projection’ of the operator
Oˆ(x) as
Oˆφ(x) = Oˆ(x)− [~φ(x), [~φ(x), Oˆ(x)]], (60)
using the commutation relation. For the SU(Nc) covariant derivative operator
Dˆµ ≡ ∂ˆµ + ieAµ, its ~φ(x)-projection is defined as
Dˆφµ ≡ Dˆµ − [
~φ(x), [~φ(x), Dˆµ]] = ∂ˆµ + ieA
φ
µ(x) + [
~φ(x), ∂µ~φ(x)] (61)
with Aφµ(x) ≡
~Aφµ(x) ·
~φ = 2tr(~φ(x)Aµ(x)) · ~φ(x). Here, the nontrivial term
[~φ(s), ∂µ~φ(x)] appears in Dˆ
φ
µ owing to the x-dependence of the Cartan-frame
field ~φ(x). The U(1)Nc−1φ gauge field is defined as the difference between Dˆ
φ
µ
and ∂ˆµ,
A˜φµ(x) ≡
1
ie
(Dˆφµ − ∂ˆµ) = A
φ
µ(x) +
1
ie
[~φ(x), ∂µ~φ(x)] ∈ su(Nc). (62)
Here, A˜φµ(x) includes both the
~φ(x)-component Aφµ(x) = 2tr(Aµ(x)
~φ(x)) · ~φ(x)
and the non-~φ(x)-component 1
ie
[~φ(x), ∂µ~φ(x)], because [~φ(x), ∂µ~φ(x)] does not
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include ~φ(x)-component as tr
(
φi(x)[~φ(x), ∂µ~φ(x)]
)
= 0. Here, the ~Aφµ(x) is
the image of A˜φµ(x) mapped into the U(1)
Nc−1
φ -manifold. The the generalized
abelian projection for the variable O[Aµ(x)] is defined via the two successive
mapping, O[Aµ(x)]→ O[A˜
φ
µ(x)]→
~OAP ≡ 2tr(~φ(x)O[A˜
φ
µ(x)]), after the GMA
gauge fixing.
Under the U(1)Nc−1φ abelian gauge transformation by ωφ(x) = e
i~φ(x)·~χ(x) ∈
U(1)Nc−1φ , A˜
φ
µ(x) or
~Aφµ(x) behaves as the U(1)
Nc−1
φ abelian gauge field,
A˜φµ(x)→ (A˜
φ
µ(x))
ω = A˜φµ(x) +
1
e
∂µ~χµ(x) · ~φ(x). (63)
The U(1)Nc−1φ -abelian field strength is defined as F˜
φ
µν(x) ≡
1
ie
{[Dˆφµ, Dˆ
φ
ν ] −
[∂ˆµ, ∂ˆν ]}, which generally includes the non-~φ(x) component as well as A˜
φ
µ(x).
In the U(1)Nc−1φ -manifold, the ~φ(x)-component ~F
φ
µν(x) ≡ 2tr
(
F˜φµν(x)
~φ(x)
)
is
observed as the mapped image of F˜φµν(x).
Next, we investigate the properties of the GMA gauge function ΩGMA(x),
which brings the GMA gauge. Here, ΩGMA(x) is a complicated function of
Aµ(x) and is expressed by an element of the coset spaceG/H = SU(Nc)/{U(1)
Nc−1
φ ×
Weyl} as the representative element because of the residual gauge symmetry.
For instance, we impose here
tr(ΩGMA(x)~φ(x)) = ~0 (64)
for the selection of ΩGMA ∈ G/H . Similarly to the MA gauge function[30],
ΩGMA[Aµ] obeys the nonlinear transformation as
ΩGMA(x) ∈ G/H → (ΩGMA(x))
V = dV (x)ΩGMA(x)V
†(x) ∈ G/H (65)
by the SU(Nc) gauge transformation with V (x) ∈ G. Here, d
V (x) ∈ H ≡
U(1)Nc−1φ × Weyl appears to keep (ΩGMA)
V belonging to G/H . Therefore,
the gluon field AGMAµ = ΩGMA(Aµ +
1
ie
∂µ)Ω
†
GMA ∈ g in the GMA gauge is
transformed as
AGMAµ → (A
GMA
µ )
V =ΩVGMA(x)(A
V
µ +
1
ie
∂µ)Ω
V †
GMA(x)
= dV (x)(AGMAµ +
1
ie
∂µ)d
V †(x) = (AGMAµ )
dV (66)
by the SU(Nc) gauge transformation. As a remarkable feature, the SU(Nc)
gauge transformation by V (x) ∈ G is mapped as the abelian sub-gauge trans-
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formation by dV (x) ∈ H in the GMA gauge: (AGMAµ )
V = (AGMAµ )
dV . In partic-
ular, for the residual gauge transformation by ω(x) = ei
~φ(x)·~χ(x) ∈ H , we find
dω(x) = ω(x) to keep the representative-element condition tr(ΩωGMA(x)
~φ(x)) =
~0 imposed above, and then AGMAµ obeys the ordinary H-gauge transformation
AGMAµ (x)→ (A
GMA
µ (x))
ω = ω(x)(AGMAµ +
1
ie
∂µ)ω
†(x). (67)
For the arbitrary variable Oˆ[AGMAµ ] ≡ Oˆ[A
ΩGMA
µ ] defined in the GMA gauge,
we find Oˆ[AGMAµ ]
V = Oˆ[AGMAµ ]
dV with dV ∈ H from Eq.(66), and hence we
get an useful criterion on the SU(Nc) gauge invariance: if Oˆ[Aµ] is H-invariant
as Oˆ[AGMAµ ]
ω = Oˆ[Aµ] for
∀ω ∈ H , Oˆ[AGMAµ ] is also G-invariant, because of
Oˆ[AGMAµ ]
V = Oˆ[AGMAµ ]
dV = Oˆ[AGMAµ ] for
∀V ∈ G. All of the above arguments
are also applicable to the usual MA gauge by setting ~φ(x) = ~H.
For the regular field ~φ(x) without any discontinuity, the GMA gauge function
ΩGMA ∈ SU(Nc)/U(1)
Nc−1
φ becomes singular like the MA gauge, which was
discussed in section 2.3. Then, a nontrivial singular term appears in the field
strength as
GGMAµν = ∂µA
GMA
ν − ∂νA
GMA
µ + ie[A
GMA
µ , A
GMA
ν ] +
i
e
ΩGMA[∂µ, ∂ν ]Ω
†
GMA.(68)
Similar to the MA gauge, the singularity on ΩGMA induces breaking of the
U(1)Nc−1φ abelian Bianchi identity and the monopole current in the U(1)
Nc−1
φ
abelian sector.
The correspondence between ΩGMA and ΩMA is straightforward. Using ΩC(x) ∈
SU(Nc) satisfying ~φ(x) = Ω
†
C(x)
~HΩC(x), ΩGMA is expressed as
ΩGMA(x) = Ω†C(x)Ω
MA(x). (69)
Then, for regular ~φ(x), ΩC(x) becomes regular, and the singularity of ΩMA
is directly mapped to that of ΩGMA. However, if singular ~φ(x) is used, the
singularity of ΩMA can be mapped in ~φ(x) or ΩC(x) instead of ΩGMA. In this
case, the gluon field AGMAµ is kept to be regular, and the Cartan frame field
~φ(x)
includes the multi-valuedness or the singularity, which leads to the monopole.
Such a situation will be discussed in section 5 considering the analogy with
the nonabelian Higgs theory.
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4 Large Field Fluctuation around Monopoles
In this section, we study the QCD-monopole appearing in the abelian gauge
in terms of the gluon field fluctuation[45]. For simplicity, we take Nc = 2. In
the static frame of the QCD-monopole with the magnetic charge g, a spherical
‘magnetic field’ is created around the monopole in the abelian sector of QCD
as
H(r) =
g
4πr3
r (70)
with Hi ≡ εijk∂jA
3
k. Thus, the QCD-monopole inevitably accompanies a
large fluctuation of the abelian gluon component A3µ around it. As was dis-
cussed in section 2, in the abelian gauge, the formal action of the abelian
projected QCD or the abelian part of the QCD action is given by SAbel ≡
−1
4
∫
d4x{(∂µA
3
ν − ∂νA
3
µ)
2 − F singµν }, where −F
sing
µν appears and eliminates the
Dirac-string contribution. In the abelian part, the field energy created around
the monopole is estimated as the ordinary electro-magnetic energy,
E(a) =
∞∫
a
d3x
1
2
H(r)2 =
g2
8πa
, (71)
where a is an ultraviolet cutoff like a lattice mesh. As the ‘mesh’ a goes to 0,
the monopole inevitably accompanies an infinitely large energy-fluctuation in
the abelian part and makes SAbel divergent.
Since there seems no plausible reason to eliminate such a divergence via renor-
malization, the monopole seems difficult to appear in the abelian gauge theory
controlled by SAbel. This is the reason why QED does not have the point-like
Dirac monopole. Then, why can the QCD-monopole appear in the abelian pro-
jected QCD ? To answer it, let us consider the division of the total QCD action
SQCD into the abelian part SAbel and the remaining part Soff ≡ SQCD−SAbel,
which is contribution from the off-diagonal gluon component. While SQCD and
SAbel are positive definite in the Euclidean metric, Soff is not positive definite
and can take a negative value. Then, around the QCD-monopole, the abelian
action SAbel should be partially canceled by the remaining contribution Soff
from the off-diagonal gluon component, so as to keep the total QCD action
SQCD finite even for a → 0. Similar cancellation between the gauge field and
the Higgs field fluctuation is also found around the GUT monopole. Thus, we
expect large off-diagonal gluon components around the QCD-monopole for its
existence as well as a large field fluctuation in the abelian part. Based on this
analytical consideration, we study the field fluctuation and monopoles in the
MA gauge using the lattice QCD.
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To begin with, we study the gluon field configuration around the monopole in
the MA gauge in terms of the abelian angle variable θ3µ(s) and abelian projec-
tion rate RAbel ≡ cos θµ(s), which measures the off-diagonal gluon remaining
in the MA gauge [30]. For the argument of θ3µ(s), the U(1)3 gauge degrees of
freedom should be also fixed after the MA gauge fixing, because θ3µ(s) is U(1)3
gauge dependent. Here, we adopt the U(1)3 Landau gauge [46,47] defined by
maximizing
R[Uµ] ≡
∑
s,µ
truµ(s) = 2
∑
s,µ
cos θ3µ(s) (72)
by the residual U(1)3 gauge transformation. In the U(1)3 Landau gauge, there
remains no local symmetry, and the lattice variable mostly approaches to the
continuum field under the constraint of the MA gauge fixing.
Now, let us consider the correlation between the field variables and the monopole
in the lattice QCD. For this argument, one has to recall the property of
the monopole current shown in section 2.4. In particular, one should note
that kµ(s) is defined on the dual link and only affects the perpendicular
components to the µˆ-direction for the electric variable as Fαβ because of
kµ ≡ ∂
∗
αFαµ = −
1
2
εµαβγ∂αFβγ .
Taking account of these properties, we study the local correlation between
the field variables and the monopole current kµ(s) in the MA gauge with the
U(1)3 Landau gauge using the lattice-QCD Monte-Carlo simulation. We first
measure the average of the abelian angle variable θ3µ(s) over the neighboring
links around the dual link (See Fig.4),
|θ¯3(s, µˆ)| ≡
1
12
∑
αβγ
1∑
m,n=0
1
2
|εµαβγ| · |θ
3
α(s+mβˆ + nγˆ)|, (73)
which only consists of the perpendicular components considering the above
monopole property. Here, the index µˆ denotes the direction of the dual link,
and |θ¯3(s, µˆ)| corresponds to the average over the 12 sides of the 3-dimensional
cube perpendicular to the µˆ-direction. We show in Fig.6 the probability dis-
tribution P (|θ¯3|) of |θ¯3(s, µˆ)| in the MA gauge with the U(1)3 Landau gauge
at β = 2.4. The solid curve denotes P (|θ¯3|) around the monopole current,
while the dashed curve denotes the total distribution on the whole lattice.
The abelian angle variable |θ3µ(s)| takes a large value around the monopole. In
other words, the monopole provides the large fluctuation of the abelian gauge
field, which would enhance the randomness of the abelian link variable.
Similar to |θ¯3(s, µˆ)|, we measure the average R¯Abel of the abelian projection
rate RAbel(s, µˆ) ≡ cos θµ(s) over the neighboring links around the dual link,
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R¯Abel(s, µˆ) ≡
1
12
∑
αβγ
1∑
m,n=0
1
2
|εµαβγ | cos θα(s+mβˆ + nγˆ) (74)
in the MA gauge to investigate the correlation between off-diagonal gluons
and monopoles. As shown in Fig.7(a), R¯Abel around the monopole current
becomes smaller than the total average of R¯Abel and therefore the magnitude
of the off-diagonal gluon component becomes larger around the monopole. The
β dependence of the abelian projection rate 〈RAbel〉 is shown in Fig.7(b).
Although 〈RAbel〉 on the whole lattice approaches to unity as β →∞, 〈RAbel〉
around the monopole is about 0.88 and is not changed even in the large β
region. Thus, the monopole provides the large fluctuation both for the abelian
field and for the off-diagonal gluon.
We next study monopoles in terms of the plaquette action density. We define
the SU(2), abelian and ‘off-diagonal’ plaquette action densities as
SSU(2)µν (s)≡ 1−
1
2
tr✷SU(2)µν (s), (75)
SAbelµν (s)≡ 1−
1
2
tr✷Abelµν (s), (76)
Soffµν (s)≡S
SU(2)
µν (s)− S
Abel
µν (s), (77)
where ✷SU(2)µν (s) and ✷
Abel
µν (s) denote the SU(2) and the abelian plaquette
variables, respectively;
✷
SU(2)
µν (s)≡Uµ(s)Uν(s+ µˆ)U
†
µ(s+ νˆ)U
†
ν(s), (78)
✷
Abel
µν (s)≡uµ(s)uν(s+ µˆ)u
†
µ(s+ νˆ)u
†
ν(s). (79)
Here, all of Sµν are defined as symmetric tensors, Sµν = Sνµ, instead of the
Lorentz scalar, considering the above property of the monopole current. In the
continuum limit a→ 0, SSU(2)µν (s) and S
Abel
µν (s) are related to the SU(2) and the
abelian action densities as SSU(2)µν (s)→
1
4
a4e2trG2µν and S
Abel
µν (s)→
1
4
a4e2trF2µν ,
and then we call Sµν as the action density, in spite of the lack of the summation
on the Lorentz indices. Here, Soffµν corresponds to the contribution of the off-
diagonal gluon. While SSU(2)µν and S
Abel
µν are positive-definite, S
off
µν is not positive-
definite and can take a negative value.
In order to examine the correlation between the action densities and the
monopole current defined on the dual link, we measure the average of the
action density S(s) over the neighboring plaquettes around the dual link,
S¯(s, µˆ) ≡
1
6
∑
αβγ
1∑
m=0
1
2
|εµαβγ |Sαβ(s+mγˆ). (80)
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Here, µˆ appearing in S¯(s, µˆ) denotes the direction of the dual link, and S¯(s, µˆ)
corresponds to the average over 6 faces of the 3-dimensional cube perpendic-
ular to the µˆ-direction.
We show in Fig.8 the probability distribution P (S¯) of the action densities
S¯(s, µˆ) in the SU(2), the abelian and the off-diagonal parts. Before the argu-
ment around the monopole current, we show the action densities on the whole
lattice in Fig.8 (a). On the whole lattice, most S¯off are positive, and both S¯Abel
and S¯off tend to take smaller values than S¯SU(2) = S¯Abel+ S¯off . In other words,
S¯Abel and positive S¯off additionally contribute to S¯SU(2).
However, such a tendency of the action densities is drastically changed around
the monopole as shown in Fig.8(b). We find remarkable features of the action
densities around the monopole as follows.
(1) Around monopoles, most S¯off take negative values, and S¯Abel is larger
than S¯SU(2) = S¯Abel + S¯off .
(2) Due to the cancellation between S¯Abel and S¯off , S¯SU(2) does not take an
extremely large value around the monopole.
Thus, the large abelian action density SAbel around the monopole is strongly
canceled by the off-diagonal contribution Soff to keep the total QCD action
SQCD = SAbel + Soff small. Here, different from SSU(2), SAbel itself does not
control the system directly, and hence there is no severe constraint from SAbel.
However, large SAbel is still not preferable, because the large-cancellation re-
quirement between SAbel and Soff leads to a strong constraint on the off-
diagonal gluon and brings the strong reduction of the configuration number.
Around the monopole, the abelian action density SAbel takes a large value, and
this value can be estimated from a following simple calculation. Without loss
of generality, the monopole-current direction is locally set to be parallel to the
temporal direction as klat0 (s) ≡
1
2π
∂α
∗θ¯α0(s) = ±1. Here, klat0 (s) is expressed
as the sum of six plaquette variables θ¯ij (i, j=1,2,3) around the monopole,
because of klat0 (s) = −
1
4π
εijk∂iθ¯jk(s) = −
1
2π
∑
i
∑
j<k εijk{θ¯jk(s + iˆ) − θ¯jk(s)}.
Hence, the total sum of six |θ¯ij(s)|(i < j) is to exceed 2π to realize k0(s) = ±1.
Since large |θ¯ij(s)| accompanying large S
Abel is not preferable, the magnetic
field |θ¯ij| around the monopole is estimated as |θ¯ij | ≃ 2π/6 = π/3 on the
average, using the spherical symmetry of the magnetic field in the vicinity of
the monopole. Accordingly, we estimate as SAbelij = 1−cos(|θ¯ij |) ≃ 1−cos
π
3
=
1
2
around the monopole on the average. The above argument can be easily
generalized to the case with arbitrary monopole-current direction.
Then, existence of monopoles brings a peak around SAbel = 1
2
in the distribu-
tion P (SAbel). In fact, the abelian action density SAbel has two ingredients; one
is nontrivial large fluctuation about SAbel = 1/2 originated from the monopole,
and the other is remaining small fluctuations, which is expected to vanish as
30
SAbel → 0 as a→ 0. As shown in Fig.9, the peak originated from the monopole
is almost β independent, while the other fluctuation becomes small for large
β. At a glance from this result, the monopole seems hard to exist at the small
mesh a, since the monopole needs a large abelian action SAbel. Nevertheless,
the monopole can exist in QCD even in the large β region owing to the contri-
bution of the off-diagonal gluon. As shown in Fig.8(b), the off-diagonal part
Soff of the action density around the monopole tends to take a large negative
value, and strongly cancels with the large abelian action SAbel to keep the
total SU(2) action SQCD finite.
Here, we consider the angle variable χ˜µ(x) of the off-diagonal gluons A
±
µ (x)
around the monopole. In the MA gauge, the amplitude of A±µ (x) is strongly
reduced, and χ˜µ(x) can be approximated as a random variable on the whole,
because χ˜µ(x) is free from the MA gauge condition entirely and is less con-
strained from the QCD action due to the small |A±µ (x)|. However, around the
monopole, the off-diagonal gluon A±µ (x) inevitably has a large amplitude even
in the MA gauge to cancel the large abelian action density. This requirement
on the reduction of the total action density severely constrains the random-
ness of the angle variable χ˜µ(x) of the off-diagonal gluon A
±
µ (x) around the
monopole. As the result, the randomness of χ˜µ(x) is weaken, and continuity of
χ˜µ(x) or A
±
µ (x) becomes clear in the vicinity of the monopole even in the MA
gauge. This continuity of A±µ (x) around the monopole ensures the topological
stability of the monopole itself as Π2(SU(2)/U(1)) = Z∞.
To summarize, existence of the monopole inevitably accompanies a large abelian
plaquette action SAbel around it, however, the off-diagonal part Soff takes a
large negative value around the monopole and strongly cancels with SAbel to
keep SQCD not so large. Due to this strong cancellation between SAbel and Soff ,
monopoles can appear in the abelian sector in QCD without large cost of the
QCD action SQCD, which controls the generating probability of the gluon con-
figuration. The extension of the off-diagonal rich region around the monopole
can be interpreted as the effective size or the structure of the monopole, be-
cause the abelian gauge theory is largely modified inside the QCD-monopole
like the ’t Hooft-Polyakov monopole.
Finally, in this section, let us consider the correlation between monopoles and
instantons [48] in terms of the gluon-field fluctuation. The instanton is a non-
trivial classical solution of the Euclidean Yang-Mills theory, corresponding to
the homotopy group Π3(SU(Nc)) = Z∞[4,5]. For the instanton, the SU(2)
structure of the gluon field is necessary at least. In spite of the difference
on the topological origin, recent studies indicate the strong correlation be-
tween monopoles and instantons in the QCD vacuum in the MA gauge[49,50].
What is the origin of the relation between two different topological objects,
monopoles and instantons ? In the MA gauge, off-diagonal components are
forced to be small, and the gluon field configuration seems abelian on the
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whole. However, even in the MA gauge, off-diagonal gluons largely remain
around the QCD-monopole. The concentration of off-diagonal gluons around
monopoles leads to the local correlation between monopoles and instantons:
instantons appear around the monopole world-line in the MA gauge, because
instantons need full SU(2) gluon components for existence.
5 Gluonic Higgs Field in QCD and Monopoles
QCD in the maximally abelian (MA) gauge has several similarities with the
nonabelian Higgs (NAH) theory in terms of the gauge-symmetry reduction
and the appearance of monopoles, although the symmetry reduction is realized
by the gauge fixing instead of Higgs condensation. In this section, we try to
formulate QCD in the MA gauge in the similar manner to the NAH theory.
To this end, we introduce the concept of the ‘gluonic Higgs field’ ~φD[Aµ(x)]
with φDj[Aµ(x)] ∈ su(Nc), a gluonic composite scalar defined from the SU(Nc)
covariant derivative Dˆµ in subsection 5.1. By way of ~φD[Aµ(x)], we formulate
the abelian projection in QCD without explicit use of the notion of the gauge
fixing. In this formalism, the abelian projection resembles the extraction of the
photon field in the NAH theory. In subsection 5.2, we study the connection of
the gluonic Higgs field with the MA gauge, and examine the correspondence
between the monopole in the MA gauge and the hedgehog configuration of
~φD[Aµ(x)] in the lattice QCD.
5.1 Gluonic Higgs Field for the Relevant Abelian Submanifold in QCD
The abelian dominance in the MA gauge observed in the lattice QCD indicates
the existence of the infrared-relevant abelian gauge submanifold embedded in
QCD, and we call it the ‘relevant abelian submanifold’ in QCD. The ordinary
abelian projection in the MA gauge can be interpreted as an concrete proce-
dure to extract this abelian manifold in QCD. Here, we extend the concept of
the ‘abelian projection’ as the extraction of this relevant abelian submanifold
in QCD. In the NAH theory, the extraction of the photon field corresponds to
the abelian projection, and the Higgs field φ(x) indicates the ‘abelian direc-
tion’ in the nonabelian gauge manifold. Based on the similarity with the NAH
theory, we introduce the ‘gluonic Higgs field’ φ[Aµ(x)] to extract the relevant
abelian submanifold in QCD, referring the abelian projection in the MA gauge.
As was shown in section 2, if φ[Aµ(x)] obeys the adjoint transformation, the
monopole in the abelian gauge can be understood as the topological defect
on φ[Aµ(x)], and the abelian-projection scheme in QCD becomes analogous
to the NAH theory, by regarding φ[Aµ(x)] as the Higgs field.
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The variable Φ[Aµ(x)] in Eq.(43) appearing in the MA gauge seems a candidate
of the gluonic Higgs field φ[Aµ(x)], however, it does not obey the adjoint
transformation, and correspondence between Φ[Aµ(x)] and the location of the
monopole is unclear. In general, when a variable O(x) is diagonalized, all the
functions f(O(x)) are also diagonalized. Hence, there appears the ambiguity
to choose φ[Aµ(x)]. Then, we require the following properties for the gluonic
Higgs field φ[Aµ(x)] in QCD.
(1) To extract (Nc−1) abelian gauge fields ~Aµ(x) corresponding to U(1)
Nc−1 ⊂
SU(Nc), the gluonic Higgs field ~φ[Aµ(x)] consists of (Nc− 1) components
φj[Aµ(x)] (j = 1, .., Nc − 1). Each φj is defined to be an hermite gluonic
composite scalar as φj[Aµ(x)] = φ
a
jT
a ∈ su(Nc) with φ
a
j ∈ R.
(2) Similar to the Higgs field in the NAH theory, ~φ[Aµ(x)] obeys the ad-
joint gauge transformation as ~φ → ~φΩ = Ω~φΩ† by the SU(Nc) gauge
transformation Ω(x) ∈ SU(Nc).
(3) Corresponding to the direct product of U(1)Nc−1, the (Nc−1) components
φj[Aµ(x)] ∈ su(Nc) are to be commutable each other as [φi(x), φj(x)] = 0,
and are normalized as tr{φi(x)φj(x)} =
1
2
δij . This means that ~φ[Aµ(x)]
forms the Cartan subalgebra at each local point xµ, and ~φ[Aµ(x)] is re-
quired to be written as ~φ[Aµ(x)] = ΩC ~HΩ
†
C with a suitable ΩC [Aµ(x)] ∈
SU(Nc).
(4) When the gluonic Higgs field ~φ[Aµ(x)] is diagonalized by the SU(Nc)
gauge transformation, the diagonal gluon component ~Aµ(x) is required
to provide the relevant abelian submanifold, which corresponds to the
abelian projected QCD in the MA gauge.
Inspired from the argument of the GMA gauge, the gluonic Higgs field ~φD[Aµ(x)]
satisfying the above requirements is found as
~φD[Aµ(x)] s.t. Min~φ(x)∈CR~φ[Aµ(x)] (81)
= Min~φ(x)∈C
∫
d4xtr[Dˆµ, ~φ(x)]
†[Dˆµ, ~φ(x)],
where Min~φ(x)∈CF [
~φ(x)] means the minimization of F [~φ(x)] by taking a suit-
able ~φ(x) ∈ C. Here, C denotes the set of the Cartan-frame field ~φ(x) in-
troduced in section 3.3, and ~φ(x) can be described as ~φ(x) = ΩC ~HΩ
†
C with
ΩC(x) ∈ SU(Nc).
The gluonic Higgs field ~φD[Aµ] ∈ su(Nc) in Eq.(82) is determined directly from
the gluon configuration Aµ(x), without the notion of the gauge fixing. From
Eq.(82), the gluonic Higgs field ~φD[Aµ(x)] is interpreted as the local ‘color-
direction’ averaged over the four SU(Nc) covariant derivatives Dˆµ, and is a
complicated function of the gluon field Aµ(x). The local form of the definition
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of ~φD[Aµ(x)] is obtained from the extremum condition of R~φ[Aµ(x)] on
~φ(x)
as
[~φD(x), [Dˆ
†
µ, [Dˆµ,
~φD(x)]]] = 0. (82)
Hence, ~φD[Aµ(x)] is derived from Dˆµ as the solution of the eigenvalue equation,
[Dˆ†µ, [Dˆµ, φDj(x)]] = λj(x)φDj(x), (83)
where the eigenvalue λj(x) is non-negative due to Dˆ
†
µ = −Dˆµ and satisfies
R~φD [Aµ(x)] =
1
2
∫
d4x
∑Nc−1
j=1 λj(x).
As a relevant property, ~φD(x) obeys the adjoint transformation
~φD[Aµ(x)]→ (~φD[Aµ(x)])
V = V (x)~φD[Aµ(x)]V
†(x) (84)
by the SU(Nc) gauge transformation with V ∈ SU(Nc). In fact, R~φD [Aµ] is
transformed as
R~φD [Aµ]→ (R~φD [Aµ])
V =
∫
d4x tr
(
[V DˆµV
†, ~φVD]
†[V DˆµV †, ~φVD]
)
(85)
=
∫
d4x tr
(
[Dˆµ, V
†~φVDV ]
†[Dˆµ, V †~φVDV ]
)
,
and (Rφ)
V is minimized for ~φVD = V (x)
~φD(x)V
†(x), whose uniqueness can be
proved by considering the infinite product of the infinitesimal gauge transfor-
mation. In particular, ~φD(x) is U(1)
Nc−1
φ gauge invariant, because of ωφ(x)
~φD(x)ω
†
φ(x) =
~φD(x) with ωφ(x) ≡ e
i~φD(x)·~χ(x) ∈ U(1)Nc−1φ .
The gluonic Higgs field ~φD[Aµ(x)] is introduced to indicate the color-direction
to be projected and to extract the abelian gauge manifold. In this respect,
~φD[Aµ(x)] plays the similar role to the Higgs field in the NAH theory, although
there are two following differences.
(1) ~φD[Aµ(x)] is a composite field of the gluon Aµ(x), and is not an elemen-
tary degrees of freedom.
(2) ~φD[Aµ(x)] only has the color-direction degrees of freedom and does not
have the amplitude degrees of freedom.
Now, we consider the projection of the operator Oˆ(x) to ~φD-direction. In the
continuum QCD, interesting operators consist of the derivative operator and
the Lie algebra, which are described by the infinitesimal transformation of the
corresponding group elements, and therefore they are to be expressed with the
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commutation relation. Using the commutation relation with the gluonic Higgs
field ~φD[Aµ(x)], we define ~φD-projection of the local infinitesimal operator
Oˆ(x) as
Oˆφ(x) ≡ Oˆ(x)− [~φD(x), [~φD(x), Oˆ(x)]], (86)
which is a generalized version of Eq.(54). When Oˆ(x) does not include the
derivative operator ∂ˆµ, this definition is trivial as Oˆ
φ(x) = 2tr{Oˆ(x)~φD(x)} ·
~φD(x) for Oˆ(x) = Oˆ
a(x)T a ∈ su(Nc).
The construction of the relevant abelian gauge submanifold in QCD is per-
formed with ~φD-projection of the SU(Nc) covariant derivative operator Dˆµ ≡
∂ˆµ + ieAµ,
Dˆφµ ≡ Dˆµ − [
~φD, [~φD, Dˆµ]] = ∂ˆµ + ieA
φ
µ + [
~φD, ∂µ~φD] (87)
with Aφµ(x) = 2tr{Aµ(x)
~φD(x)} · ~φD(x). Here, the nontrivial term [~φD, ∂µ~φD]
appears in Dˆφµ owing to the x-dependence of the Cartan-frame field
~φD(x). It
is to be noted that [~φD, ∂µ~φD] does not include ~φD-component as
tr
(
φDi(x)[~φD(x), ∂µ~φD(x)]
)
= tr
(
∂µ~φD(x)[φDi(x), ~φD(x)]
)
= 0. (88)
In this formalism, the abelian projection is defined by the replacement of
Dˆµ by Dˆ
φ
µ. Accordingly, the abelian-projected gluon A˜
φ
µ(x) is defined as the
difference between Dˆφµ and ∂ˆµ,
A˜φµ(x) ≡
1
ie
(Dˆφµ − ∂ˆµ) = A
φ
µ(x) +
1
ie
[~φD(x), ∂µ~φD(x)] ∈ su(Nc), (89)
and the abelian projection is expressed by the mapping of Aµ(x)→ A˜
φ
µ(x). It is
remarkable that A˜φµ(x) includes both the
~φD-component A
φ
µ(x) = 2tr(Aµ(x)
~φD(x))·
~φD(x) and the non-φD-component
1
ie
[~φD(x), ∂µ~φD(x)]. The abelian gauge field
is defined by the ~φD-component of A˜
φ
µ(x),
~Aφµ(x) ≡ 2tr(A˜
φ
µ(x)
~φD(x)) = 2tr(A
φ
µ(x)
~φD(x)). (90)
Here, ~Aφµ is the image of A˜
φ
µ(x) projected into the U(1)
Nc−1
φ gauge manifold,
and corresponds to the photon field in the NAH theory.
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As for the gauge symmetry, both A˜φµ(x) and
~Aφµ(x) surely behave as the abelian
gauge field under the U(1)Nc−1φ abelian gauge-transformation by ωφ(x) =
ei
~φD(x)·~χ(x) ∈ U(1)Nc−1φ . In fact, ~A
φ
µ(x) is gauge-transformed as
~Aφµ(x)→ (
~AφDµ (x))
ω =2tr(Aωµ(x)
~φωD(x)) = 2tr(ω{Aµ(x) +
1
ie
∂µ}ω
†(x) · ~φD(x))
= 2tr(Aµ(x)~φD(x)) +
2
e
tr{∂µ(χi(x)φDi(x)) · ~φD(x)}
= ~Aφµ(x) +
1
e
∂µ~χ(x), (91)
where we have used
tr{∂µφDi(x)φDj(x)}=tr{∂µ(ΩCHiΩ
†
C) · (ΩCHjΩ
†
C)}
=tr(Ω†C∂µΩCHiHj + ∂µΩ
†
CΩCHjHi) = 0. (92)
Then, A˜φµ(x) is gauge-transformed as
A˜φµ(x)→ (A˜
φ
µ(x))
ω = A˜φµ(x) +
1
e
∂µ~χµ(x) · ~φD(x). (93)
Next, we study the abelian field strength and the monopole current. The
abelian field-strength matrix is defined as
F˜ φµν(x)≡
1
ie
(
[Dˆφµ, Dˆ
φ
ν ]− [∂ˆµ, ∂ˆν ]
)
= ∂µA˜
φ
ν(x)− ∂νA˜
φ
µ(x) + ie[A˜
φ
µ(x), A˜
φ
ν(x)], (94)
which generally includes the non-~φD-component as well as A˜
φ
µ(x). The
~φD-
component of F˜ φµν(x) is the image of F˜
φ
µν(x) projected into the U(1)
Nc−1
φ gauge
manifold, and is observed as the ‘real abelian field-strength’ in the abelian-
projected gauge theory. The explicit form of ~F φµν(x) is derived as
~F φµν(x)≡ 2tr
(
F˜ φµν(x)
~φD(x)
)
= ∂µ ~A
φ
ν(x)− ∂ν
~Aφµ(x) +
4
ie
tr(~φD(x)[∂µφDi(x), ∂νφDi(x)]) (95)
= ∂µ ~A
φ
ν(x)− ∂ν
~Aφµ(x) +
2
e
fabc~φ
a
D∂µφ
b
Di∂νφ
c
Di, (96)
where the last term breaks the abelian Bianchi identity and provides the
monopole current. The magnetic monopole current is derived as
36
~kφµ(x) ≡ ∂
α∗ ~F φαµ(x) = −
1
e
εµαβγfabc∂
α~φaD(x)∂
βφbDi(x)∂
γφcDi(x), (97)
which is the topological current induced by ~φD[Aµ(x)]. Hence, the monopole
appears from the center of the hedgehog configuration of ~φD[Aµ(x)] as shown
in Fig.2 in the SU(2) case.
The gluonic Higgs field ~φD[Aµ(x)] in QCD plays the similar role to the Higgs
field in the NAH theory on the extraction of the abelian gauge manifold and
the appearance of the monopole current. In principle, the abelian projection
can be performed in QCD in the gauge-covariant manner using the gluonic
Higgs field ~φD[Aµ(x)] without the notion of the gauge fixing.
5.2 Relation among the Gluonic Higgs Field, the MA Gauge Function and
Monopoles
In this subsection, we consider the correspondence among the gluonic Higgs
field ~φD[Aµ(x)] and the MA gauge function ΩMA[Aµ(x)] ∈ G/H , and QCD-
monopoles. As the relation between ΩMA and ~φD, the minimization condition
for R ~H [A
Ω
µ (x)] by the gauge degrees of freedom can be equivalently rewritten
into the minimization of R~φ[Aµ(x)] in terms of
~φ(x) ∈ C. Then, the gluonic
Higgs field ~φD[Aµ(x)] ∈ C directly corresponds to the MA gauge function
ΩMA(x) ∈ G/H as
~φD(x) = Ω
†
MA(x)
~HΩMA(x). (98)
Then, if the MA gauge is uniquely determined beside U(1)Nc−1local × Weyl
global
Nc ,
~φD[Aµ(x)] is also uniquely determined beside the global Weyl symmetry, be-
cause of the U(1)Nc−1 gauge invariance of ~φD[Aµ(x)].
Also from Eq.(98), we can derive the adjoint gauge-transformation property
of the gluonic Higgs field ~φD[Aµ(x)] again. In the arbitrary SU(Nc) gauge
transformation with V (x) ∈ SU(Nc), the MA gauge function ΩMA ∈ G/H
obeys the nonlinear gauge transformation as
ΩMA(x)→ Ω
V
MA(x) = d
V (x)ΩMA(x)V
†(x). (99)
Here, dV (x) ∈ H appears so as to keep ΩVMA(x) belonging to the coset space
G/H , i.e., ΩVMA(x) ∈ G/H . Then,
~φD(x) is transformed by V (x) ∈ SU(Nc) as
~φD → ~φ
V
D = Ω
V †
MA
~HΩVMA = V Ω
†
MAd
V † ~HdVΩMAV † = V ~φDV †, (100)
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which is nothing but the SU(Nc) adjoint gauge transformation.
Here, we consider the singularity relating to the monopole appearing in the
abelian gauge manifold of QCD. In a suitable gauge like the Landau gauge,
the gluon field can be taken as a regular field, however, the gluonic Higgs
field ~φD[Aµ(x)] generally includes the singularity like the hedgehog config-
uration as shown in Fig.2 (b), and therefore the relevant abelian manifold
described by ~Aφµ ≡ A
a
µ
~φaD holds the monopole singularity at the hedgehog cen-
ter of ~φD(x). On the other hand, in the MA gauge, the gluonic Higgs field
~φD[Aµ(x)] is arranged into ~H-direction by the SU(Nc) gauge transformation
like the unitary gauge in the NAH theory. Then, (~φD)
ΩMA = ΩMA~φDΩ
†
MA =
~H becomes trivially regular as shown in Fig.2(a). Instead, the gluon field
AMAµ (x) ≡ Ω
MA(x)(Aµ + ∂µ)Ω
MA†(x) includes the singularity as monopoles in
the abelian sector. Such a movement of the singularity from the Higgs field
to the gauge field is also seen during the unitary gauge fixing around the
’t Hooft-Polyakov monopole in the NAH theory.
Now, we examine the local correlation between the monopole current and the
gluonic Higgs field ~φD[Aµ(x)] in the SU(2) lattice simulation. In the lattice
QCD simulation, the gluon configuration generated on the lattice is far from
the continuous field, because of the random appearance of the gauge degrees
of freedom on each cite. On the other hand, to see the topology of ~φD[Aµ(x)],
the gluon field Aµ(x) is desired to be continuous, because discontinuity of
Aµ(x) as the lattice artifact inevitably breaks the continuity of ~φD(x) via
Eq.(82) and provides ‘fake singularities’ of ~φD(x). Then, we remove unphysical
discontinuity on the gauge degrees of freedom from the lattice-QCD gluon
configuration by a suitable gauge transformation. To this end, we impose the
SU(Nc) Landau gauge fixing[46], which is defined by maximizing
RL[Uµ] ≡ Re
∑
s,µ
trUµ(s) = NcRe
∑
s,µ
U0µ(s) (101)
using the SU(Nc) gauge transformation. In the SU(Nc) Landau gauge, all
the gluon components on the lattice become mostly continuous owing to the
suppression of their fluctuation around Uµ(s) = 1. In the continuum limit, this
gauge-fixing condition coincides the ordinary SU(Nc) Landau gauge condition,
∂µAµ = 0. Thus, we first prepare the continuous gluon configuration by the
SU(2) Landau gauge fixing, and then the MA gauge fixing is performed by the
MA gauge function ΩMA(x). The gluonic Higgs field ~φD(x) is also obtained
using Eq.(98).
We show in Fig.10 the local correlation between the gluonic Higgs field φD[Uµ(s)]
and the monopole in the MA gauge in the SU(2) lattice QCD with β=2.4 and
164. The gluonic Higgs field φD(s) = φ
a
D(s)T
a is expressed by the arrows
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(φ1D, φ
2
D, φ
3
D) in the SU(2) internal space. The tendency of the local correspon-
dence is found between the hedgehog configuration of the gluonic Higgs field
~φD(x) and the monopole in the MA gauge.
Finally, we consider the physical meaning of the gluonic Higgs field ~φD[Aµ(x)]
and relevant abelian manifold embedded in QCD. Here, the gluonic Higgs field
~φD[Aµ(x)] can be obtained in the gauge-covariant manner using Eq.(98) from
the gluon field Aµ(x) in QCD, and the abelian projection can be performed
with ~φD(x) without the notion of the gauge fixing. Physically, ~φD[Aµ(x)] means
the local color-direction which is determined so as to minimize the difference
between the SU(Nc) gauge connection Dˆµ and the abelian gauge connection
Dˆφµ along
~φD(x). In terms of the maximal similarity of Dˆ
φ
µ with Dˆµ, the gluonic
Higgs field ~φD[Aµ(x)] indicates a relevant color-direction peculiar to the gluon
field Aµ(x), and the projection into the color-direction ~φD(x) provides the
extraction of a relevant abelian gauge manifold embedded in QCD in the
gauge-covariant manner.
Since the gluonic Higgs field ~φD[Aµ(x)] obeys the adjoint gauge transforma-
tion, it has the direct similarity to the Higgs field in the NAH theory. Several
parallel arguments to the NAH theory are applicable for abelian-projected
QCD in terms of ~φD[Aµ(x)] on the extraction of the abelian gauge manifold
and appearance of the monopole from the hedgehog configuration. In terms
of the ‘gluonic Higgs theory’ with ~φD(x), the MA gauge fixing directly corre-
sponds to the unitary gauge fixing in the NAH theory. In particular, abelian
dominance in the MA gauge observed in the lattice QCD indicates that only
the ~φD-component gluon remains at the long-distance scale like the photon
field in the NAH theory, and the other gluon component perpendicular to ~φD
becomes infrared-irrelevant like the charged massive vector field in the NAH
theory. In other words, the abelian gauge submanifold projected to ~φD[Aµ(x)]
in QCD is considered to hold essence of the whole nonabelian gauge manifold
in the infrared region.
6 Summary and Concluding Remarks
On the basis of the dual Higgs picture for confinement, we have studied the
properties of monopoles and gluon fields in QCD in the maximally abelian
(MA) gauge both in the analytical framework and in the lattice QCD cal-
culation. In the dual Higgs theory, color confinement is realized by the one-
dimensional squeezing of the color-electric flux in the QCD vacuum through
the dual Meissner effect caused by monopole condensation. The extraction of
the abelian gauge theory and the appearance of monopoles in QCD can be car-
ried out by taking the ’t Hooft abelian gauge, which is defined by diagonalizing
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the ‘gluonic Higgs field’ φ[Aµ(x)].
In the abelian gauge, SU(Nc) gauge theory is reduced into U(1)
Nc−1 gauge the-
ory including the monopole, which topologically appears corresponding to the
nontrivial homotopy group, Π2(SU(Nc)/U(1)
Nc−1) = ZNc−1. In the abelian
gauge, the diagonal gluon component behaves as the U(1)Nc−1 gauge field,
while the off-diagonal gluon behaves as the charged matter field in terms of
the residual gauge symmetry. For φ[Aµ(x)] obeying the adjoint gauge trans-
formation, the hedgehog configuration of φ[Aµ(x)] leads to the unit-charge
magnetic monopole. In the abelian gauge, multi-charge monopoles do not ap-
pear in R3 in general cases, because of the over condition.
Using the gauge-connection formalism, the appearance of the Dirac string and
the monopole has been studied in relation with the SU(Nc) singular gauge
transformation. The appearance of the Dirac string is originated from the
multi-valuedness of the gauge function Ω(x), which leads to the divergence
of Ω†∂µΩ. In the singular SU(2) gauge transformation, the multi-valued point
of Ω(x) terminates at the hedgehog center of φ[Aµ(x)], which leads to the
appearance of the monopole. We have shown the relevant role of off-diagonal
gluons for the appearance of monopoles.
The maximally abelian (MA) gauge has been well formulated in terms of
the gauge connection. To remove the explicit use of the specific direction as
~H , we have formulated the generalized maximally abelian (GMA) gauge by
introducing the Cartan-frame field ~φ(x), which is the local Cartan sub-algebra
defined at each point. The generalization of the abelian projection has been
defined based on the commutation relation. We have investigated the gauge-
transformation properties of the GMA gauge function ΩGMA, and have derived
the criterion on the SU(Nc) gauge invariance for the variable Oˆ[Aµ(x)]
ΩGMA
defined in the GMA gauge. This criterion is also applicable for the MA gauge.
We have studied the gluon-field properties around the monopole in QCD in
the MA gauge in terms of the field strength and the action density both in
the analytical consideration and in the lattice QCD simulation. The monopole
provides large field fluctuations in the abelian sector: both the abelian gauge
field and the abelian action density are largely fluctuated around monopoles.
The large fluctuation of off-diagonal gluons has been also found around the
monopole in the MA gauge, and the off-diagonal rich region indicates the
effective size and the structure of monopoles, which is similar to the ’t Hooft-
Polyakov monopole. Since the instanton needs the full SU(2) structure, it is
expected to appear in the off-diagonal rich region around the monopole in
the MA gauge, which leads to the local correlation between monopoles and
instantons. We have found the large cancellation between abelian part and the
off-diagonal part of the action in the MA gauge. Owing to this cancellation,
the monopole can appear in the abelian sector in QCD without large cost
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of the QCD action, although existence of monopoles inevitably enlarges the
abelian action. In other words, the off-diagonal gluon is necessary for existence
of the monopole in the short-distance scale, and the effective monopole size
relating to the off-diagonal gluon can be regarded as the critical scale of the
abelian projected QCD, in the similar sense of the correspondence between
the GUT monopole size and the GUT scale.
Finally, the abelian projection in QCD has been formulated without the no-
tion of gauge fixing in the similar manner to the extraction of the photon
field in the nonabelian Higgs theory, by introducing the ‘gluonic Higgs field’
~φD[Aµ(x)] defined from the gluon field. Here, the color-direction ~φD[Aµ(x)]
is determined so as to minimize the difference between the SU(Nc) gauge
connection and the projected abelian gauge connection along ~φD[Aµ(x)]. The
gluonic Higgs field ~φD[Aµ(x)] obeys the adjoint transformation by the SU(Nc)
gauge transformation, and the monopole current appears at the center of the
hedgehog configuration of ~φD[Aµ(x)] in the SU(2) case.
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Fig. 1. Comparison among QCD, abelian projected QCD (AP-QCD) and QED in
terms of the gauge symmetry and essential degrees of freedom.
Fig. 2. Topological structure of the gluonic Higgs field φ[Aµ(x)] in the abelian
gauge fixing in the SU(2) QCD. In the abelian gauge, the monopole appears at the
singular point of φˆ(x) ≡ φ/|φ| with |φ| ≡ (φaφa)1/2. (a) For the regular (trivial)
configuration of φˆ[Aµ(x)], no monopole appears in the abelian gauge. (b) For the
hedgehog configuration of φˆ[Aµ(x)], the unit-charge monopole appears in the abelian
gauge.
Fig. 3. Appearance of monopoles in abelian projected QCD(AP-QCD). After the
abelian gauge fixing, monopole with the Dirac string appears from Glinearµν in Eq.(19)
and the ‘anti-Dirac string’ appears in the singular part Gsingµν . The off-diagonal con-
tribution Gbilinearµν = ie[Aµ, Aν ] forms the anti-monopole configuration and compen-
sates to the singularity of the other parts. As the result, the monopole without the
Dirac string appears in the abelian field strength Fµν in AP-QCD.
Fig. 4. The (static) monopole defined on the dual lattice is equivalent to the to-
tal magnetic flux of the Dirac string, and therefore the magnetic charge of the
QCD-monopole is quantized.
Fig. 5. The typical example of the 3-dimensional time-slice of the monopole current
in the MA gauge in the lattice QCD with β = 2.4 on 164.
Fig. 6. The solid curve denotes the probability distribution P (|θ¯3|) of the averaged
abelian angle variable |θ¯3(s, µˆ)| around the monopole current in the MA gauge
with the U(1)3 Landau gauge fixing. Here, |θ¯
3(s, µˆ)| is the average of |θ3α(s)| over
the neighboring links around the dual link, and data are obtained from the SU(2)
lattice QCD with β = 2.4 and 164. For comparison, the total distribution P on
the whole lattice is also added by the dashed curve. Around the monopole, |θ¯3|
corresponding to the abelian gluon component takes a large value.
Fig. 7. (a) The solid curve denotes the probability distribution P (R¯Abel) of the
averaged abelian projection rate R¯Abel(s, µˆ) around the monopole current in the
MA gauge in the SU(2) lattice QCD with β = 2.4 on 164. For comparison, the total
distribution P on the whole lattice is also added by the dashed curve. (b) The solid
curve denotes abelian projection rate 〈R¯Abel〉 around the monopole current in the
MA gauge as the function of β. The dashed curve denotes 〈R¯Abel〉 on the whole
lattice.
Fig. 8. (a) The probability distribution P (S¯) of density S¯(s, µˆ) on the whole lattice
in the MA gauge at β = 2.4 on 164 lattice. (b)The probability distribution Pk(S¯)
of the action density S¯(s, µˆ) around the monopole current kµ. The dotted and the
solid curves denote P (S¯SU(2)) and P (S¯Abel), respectively. The dashed curve denotes
P (S¯off) for the off-diagonal part S¯off of the action density.
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Fig. 9. The action density as the function of β in the MA gauge in the SU(2) lattice
QCD. The closed symbols denote the action densities 〈S〉 around the monopole
current, while the open symbols denote those on the whole lattice. The square,
circle and rhombus denote 〈SSU(2)〉, 〈SAbel〉 and 〈Soff 〉, respectively. The monopole
accompanies a large U(1)3 plaquette action, however, such a large U(1)3 action is
strongly canceled by the off-diagonal part.
Fig. 10. The local correlation between the gluonic Higgs field φD[Aµ(x)] and the
monopole in the MA gauge in the SU(2) lattice QCD with β = 2.4 and 164. The
gluonic Higgs field φD[Aµ(x)] ≡ φ
a
D
τa
2 on a 2-dimensional plane is expressed by the
arrow, which denotes its color-direction in the SU(2) internal space.
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